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Abstract In this paper we have studied a few properties of the class H),,,(a, 3, y) and some 
of its subclasses. We have also obtained some generalisation by using Ruschewayh derivatives 
on the lines of K. S. Padmanabhan and R. Bharati [1]. 


Keywords Ruschewayh derivatives, analytic and univalent functions, quasi-subordinate. 


81. Introduction 


Let T denote the class of functions f which are analytic and univalent in the unit disc 
E = {z;|z| < 1} with f(0) = f’(0) -1=0. 

Let g(z) and G(z) be analytic in FE, then g(z) is said to be quasi-subordinate to G(z), 
written as g(z) ~ G(z),z € E, if there exist functions ¢ and w are analytic in E with |¢(z)| < 
1, |¢(z)| < 1 in E and g(z) = o(z)G(¥(z)) in E. 

Definition 1. A function h(z) analytic in E with h(0) = 1, is said to belong to the class 
J(a, 3) if 

h(z)-1 
Ph(z) — [6+ (1 —a)(1 — 8) 
whereO<a<1,0<f8<1. 

Definition 2. Let H),,,(a,G,7) denote the class of all functions f € T for which 


DAf(2) ._ (D»F(2))! 
+7 Deg(2)y 


Re (a) >0 





<1, z¢B8, (1) 


J(a, 8) 





(l=) 


for some g where 


and A>0, w>0, 7 > 0. 
Note that the subclass Hy 9(0,(, A) was studied by Padmanabhan and Bharati [1]. 
In this paper we investigate a few properties of the class H),,,(a, 3,7) and some of its 


subclasses. 
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§2. Lemmas 


We need the following some preliminary lemmas for our study. 
Lemma 1. If 


g(z) = S- Anz” < G(z) = S- Anz”, 
n=0 n=0 
then 


k k 
Sle = ye = 019)-«). 
n=0 n=0 
This lemma is due to Robertson [2]. 

Lemma 2. Let P(z) = 1+ SS P,z" be analytic in E and belongs to J(a, 8), then for 


n>1,|Pal<(B-VG-a). 


Proof. Condition (1) is equivalent to 


alt Pre) = 2)ye) 
1+ Brp(z) 


where (0) = 0 and |¢(z)| < 1 in E. After simplification we have 


P(z) 





>> PnZ” = [(1- @)(1- 8) - BD) P22). 
n=1 n=1 
By the application of Lemma 1, we obtain 
n n—1 
Dy |Px|? < (1—@)?(1 — 8)? + 6? S- LP els 
k=1 k=1 
So 


IPA? < (1 —a)2(1 — 8)? — 0 — 8)? So A. 


k+1 





Hence |P,,| < (1 — a)(G — 1). 
Lemma 3. Let P(z) and P;(z) belongs to J(a, 3) then 


(1 — p)P(z) + pPi(z) € J(a, 8), 


where 0 < p <1. It is easy to see that condition w € J(a, 3) is equivalent to |W —b| < c, where 


_ 1-6? +80 -a)(1- A) 


b ia 





and 


__ =a) 8) _ (=a) 


(1 — 6?) (1+) 





So it is sufficient to show that 
\(1 — p) P(z) + pPi(2) — | < (1— p)|P(z) — 8 + plPy(z) - 8] <e. 


The last inequality is true, since P(z), Pi(z) € J(a, 8). 
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Hence the proof is complete. 
Lemma 4. Let y > 0 and V(z) be a starlike function in the unit disk E. Let U(z) be 


analytic in EF with U(0) = V(0) =0 = U’(0) —1. Then a € J(a, 3), whenever 
1-9) 4 TF € Ha,8) 





V(2) WG) 
Proof. Suppose w(z) be a function in F that is defined by 
Ulz) _ 14/8 +0 ~a)(1 -~AM(2) 
V(z) 1+ By(z) 
where 0 <a <1,0< 6 < 1. It is clear that W(z) is analytic, ~(0) = 0. We shall prove 


|w(z)| < lin E. For, if not, there exists z) € E, by Jack’s Lemma [2], such that |w(zo)| = 1 
and z7)'(zo) = ky(zo), k 2 1. 














/ 
Let Q(z) = (1-7) a | ry then on simplification we have 
lca) = Ule0) 4 HIV (eo) (= 80 = a) io), 
V(zo)  2V"(z) (1 + Bv(20))? 
We consider 
(1-2) —-a) (20) _ kyV(z0) 4 1 
Q(z) —1 1+ (Zo) : (1 " 2y'(zo) | vse 














T1BM(Z0) 2V'(z0) 14+8b(20) 
14 kyV zo) 
" 2V'(z0)(1+Bd(Z0)) 


1 kyV (20) BY (Zo) 
2V'(z0)(1+Bv(Z0)) 


aa [(@+(1—aj(l a (1—a) (1-8) (1 kV (20) _Bv(z0) ) 























Now 
h | 7kV (z0) | r kyV (20) Bb(Z0) | 
2zV"(z0)(1 + B(z0)) 2V'(z0)(1 + By(z0)) |’ 
provided 
[1 + D(zo)|? > |1 — BY(0)D(20)|*, 
where 
ykV (20) 
D0) = ST aa\(l + Bz) 


This condition reduces to the following 
1+ |D(zo)|? + 2ReD(z9) > 14+ B?|D(z0)|? — 2Re(Bw(z0)D(z0)), 


or equivalently 





V(20) 
1 — B?)|D(zo)|? + 2Reyk 0. 
(1 ~ 8) D(z)? + 2Rerk Fo > 
But this is true since V is starlike and y > 0, k > 0. Hence 
-—1 
Q(z0) ai. 








BQ(z0) — [8+ (L— a) — 8)] 


which is contradiction with hypothesis. 
This proves the lemma. 
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§3. Properties of the Class H),, (a, (,y) 


Theorem 1. If f € Hy,,(a, 6,7), then f € Hy,,,(a, 8,0). 
Proof. It is sufficient to choose V(z) = V“g(z) and U(z) = D* f(z) in Lemma 4. This 
leads to the required result. 











/ 
Corollary 1. If0 <a<1,0< 6 <1 and f, g € T, then a € J(a,) implies 
g'(z 
fe (a, 3) whenever g(z) is starlike in EF. The special case 6 = 1, a = 0 is obtained by [3]. 
glz 


Proof. Take w= 1, \=0, » =0 in Theorem 1. 

Corollary 2. If0<a<1,0<6<1land f, g ET, then 
f(2) + 2") 
g'(z) + zg"(z) 





J(a, B), 





f'(2) 


g'(z) 
Proof. Take w= 1,A\ = 1, w=1 in Theorem 1. 


Corollary 3. If0<a<1land f/f, g€T, then 
f(z) + 2f"(2) 
g'(2) 

whenever g is starlike in E. 

Proof. Take y = 1, \=1, w=0 in Theorem 1. 

Theorem 2. For 0< 71 <7, Hy,.(a, 8,7) C Ayla, 8,11). 

Proof. If y = 0, the result follows from Theorem 1. Assume therefore y, 4 0 and 
f € Ay,,(a, 8,7). Then there exist a starlike function (V/*) in E such that 

VAF() (WF) 


Ply, f) =C YW Tag(z) + 1 (Veg(ayyi JI(a, ), 





implies € J(a, 3), whenever g is convex in E. 








Vf(2) 
4 Vag(z) 





€ J(a, 3). Now the result follows from the identity 





Por.f)= BP f+ (1-2) OA a <n 


and the lemma 3. 
Theorem 3. A function f is in H),,,(a, 6,7), if and only if there exist a function g in E 
D¥g(z)V 
with Re (ae) > 0, g(0) = g’(0) — 1 = 0, and analytic function P, P(0) = 1, belongs 
g(z 
to Hy,,,(a, 8,7) such that 


DAf(2) = ——— = f pra(it(D"a(e)' Paty > 0 
Rae ‘ 
If y= 0 then D* f(z) = D“g(z) P(z). 
Proof. Let f € Hy,,( (ee) 
»,u(Q, 8,7), then there exist a function g where Re >0 
Dvg(z) 


in & and 


Xr z Xr x) 
ro a 





H(a, 8,7). (2) 
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1 

It is clear that P(z) is analytic in EF, P(0) = 1. Multiplying both sides of (2) by =[D"g(z)|771- 
Y 

(D"g(z))’ we obtain 


(C — 1)D* f(z) [D¥g(z2)]7~2(D"g(2))' + (D* (2)! (D"g(z)) 77? 


= ~P(2)[D"9(2)]*-(D'(a)) 
Or equivalently 
(D* f(z)[D¥g(2)]7 LY = ~P(2)[D"a(2)]*-(D"a(2))" 


Hence on integrating with respect to z we get the required representation formula. The proof 
of the converse part is direct. 


Theorem 4. Let f(z) = z+ > Gnz" € Hy (a, 8,7), then we have 
eee eee " ‘ ) 
cE —aj(o—-1)+ +Y 
i) Jag] < CSHB, 
2(1 — a)(B—1)(8 + 7y) +6 + 1874 127 
(A+ 1)(A+2)(1+7)(1 + 27) 
24(1 + 3y)(1 + 2y)(1 + y) + 6(1 — a)(B — 1)(6 + 327 + 4672) 


(1+ 7) 4+ 27) + 89) A+ DAF 2) +4 3) 
Proof. Since f € H),,,(a, 8,7), we have 


D2), (DAKDY _ py 44S pan 
CO) eg(ey TY (Degiy = 1+ Pee” 














(iii) Jas| < 


(iv) Jaa] S 








n=1 


where P(z) is as in lemma 2. Since D* f(z) = z+ Se By(A)anz”, where 
n=2 


As DOSIOA4 SoC 1 





Br (A) = 








(n—1)! ; 
with setting D'g(z) = z+ S- bnz” and comparing coefficients, we obtain 
n=2 

(1+ 7) Bo(A)a2 = Pi + (1 — 7)be, (3) 
(1 + 27) Ba(A)ag = Py + (1+ 2y)b3 + (1 + 3y)b2Bo(A)az — (1 + 3705, (4) 

(1+3y7)Ba(A)jag = P3+(1+3y)b4 + (14 57)b3Bo(A)ag 

—2(1 + 5y)b3b2 + (1 + 57) b2B3(A)ag 
—(1 + 77)b3B2(A)az + (1 + 77)b3. (5) 





Using the estimates |P,,| < (1 — a)(8 — 1) and |b,| <n in (3), we get (ii). Eliminating a2 from 
(4) we obtain 


P, b3 (1 + 3y)boPi 
(+ 2y)Bs) * Ba) WF YO + BIW 6) 





a3 = 
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Now from (6) we get (iii). Substituting the value of az and ag from (3) and (6) in (5) we have 











_ ba (1+ 57) Wl=9) ae 
“= Ba tas pdt+3yBi) (x aoe) 
; P3 (1+ 54) bP. 
"(1+ 37)Ba(a) | (14 29)(1 +39) Bad) 7 * 


So (iv) follows on using the following inequality of Keogh and Merkes [3], 
lbs — pbs] << 3-4 if p< 1/2, 


and the proof is complete. 


§4. A Subclass of H),,,(a, 3,7) 
Let F\(a, 3,7) denote the class of functions f € T, which P;(y7, f) € J(a, 8) with 


a z 
Af) =0-y2 A+ Dray, 720. 


Obviously F(a, 6,7) is a subclass of H),(a, 8,7). It is easy to see that Fy\(a, 8,7) C 
Fy(a, 6,71) for 0 < y1 < y and Fy(a,,¥) is closed under linear combination. Moreover, 
functions in F(a, 3,7) are obtained on taking the convolution of the function 


1 z ty 
L(z) = —— | dt 
2-1 0 1-t 








ye" 
with 
AG@)=2+ > Gages. Qsaay ”) 
where 


P(z)=1+ > Pe" € J(a, 8). 


n=1 


Theorem 5. If f(z)=z+ Gnz" and g(z) = z+ S- bnz” € Fy(a, G,y) then 


n=2 n=2 


p(z) = z+ ; ya — 7+) Bn(A)anbdrz” € Fy(a, 8,7). 


n=2 


Proof. Since f(z) = z+ S- Anz” € Fy(a, 8,7). We have 


n=2 





1— 6[1-a(1 — §)] Z (1—a)(8 = 1) 


1+ 501-7 +%n)Bn(A)anz2” 1— #2 1 — 6? 


n=2 


(8) 


We know that if h(z) = S- hyz” is analytic in |z| < 1 and |h(z)| < M, then S- |hn|? < M?. 


n=0 n=0 
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By applying this result to (8) we have 


























So (l- + Yn)? B2(A) lanl? < (1 - @)?. 
n=2 
Similarly 
So (l= 7 +n)? BRO) |bnl? < (1 = @)?. 
n=2 
Now we consider 
D*p(2) xy 1= Bll - (1 - A)’ 
a-y 222) + (Dre) = 
(l-a) 12 . 
=|7 (1-7 +n)? Ba(A)anbnz”* 
(1+) 2 2d 
62(1- a)?(1- 8) B(1— a) . 2p2 n—-1 
=f + (L=¥+ Yn)" Br) l@n|lbnl|21 
(1+) (1 + B) ze 
+ So(l-y+ al 
n=2 





2-0-6) , 41-8 0—a)? 10-6) a) 

~ (+8) ’ ae “42 tee 

(ee So p(z) € Fy(a, 8,7) and 
(= 3) ue 

the proof is complete. 


We know that if f € F\(a,@,7) and v > 1, then f € Fy(a,G,1), that is 


But it is easy to see that the last expression is bounded by 


(D* f(z)’ € J(a, 8). (9) 


We shall obtain the estimate of ro, such that in |z| < ro, (9) satisfied for f € Fy(a, 8,7) and 
0<+y< 1. For this discussion we need the following definition and lemma due to Ruscheweyh 
[4]. 

Definition. A function G analytic in the unit disk EH normalised by G(0) = 0, G’(0) #0 
is called prestarlike of order a, a < 1 if and only if 





Re an > > z FE fora= 1, 
zz 
Gagtinay * Hl) € Sa for a <1, 


where * denotes the Hadamard product and Sq, the class of starlike functions of order a < 1. 
Denote it by R, the class of prestarlike functions of order a. 

Lemma 5. [5] For a <1, let Ge Ry, p € Sy. Let F(z) be analytic in FE, then 
takes values in the closed convex hull of F(£). 

Theorem 6. Let f € F\(a, 3,7), where 0 < y < 1. Then (D* f(z))! € J(a, 8) for |z| < ro, 
where 1 is the radius of the largest disk centered at the origin that Re L'(z) > 5 where L(z) 


G* PF 
GxP 





is givenby (7). 
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D*P. 
Proof. Let f(z) € Fy(a,G,y), then f(z) = L(z) * Pi(z), where Ee) € J(a, 8). But 
D* f(z) = L(z) * D*P,(z) = L(z) * zP(z), (10) 
D*P,(z) : : . . : 
where P(z) = ———— € J(a,(). With taking derivative from the both side of (10), we have 
z 


2(D> f(z))' = 2L'(z) * zP(2z), 
oe zL'(z) * 2P(z) 


r z)/= 
OO) aw 


1 
Let G(z) = zL’(z) and let ro be the largest number in which Re(L’(z)) > 3 Then G(z) 
is prestarlike of order 1. It is clear that h(z) = z is starlike of order 1. So by Lemma 5, 
(D* f(z))! € J(a, B) the proof is completed. 
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Abstract In this paper, we use 4-cyclotomic cosets of modulo n and generator polynomials to 
describe quaternary simple-root cyclic codes of length n = 85. We discuss the conditions under 
which a quaternary cyclic codes contain its dual, and obtain some quantum error-correcting 


codes of length n = 85, three of these codes are better than previous known codes. 


Keywords Quaternary cyclic code, self-orthogonal code, quantum error-correcting code. 


§1. Introduction 


Since the initial discovery of quantum error-correcting codes, researchers have made great 
progress in developing quantum error-correcting codes. Many code construction are given. 
Reference [1] gives a thorough discussion of the principles of quantum coding theory. Many 
good quantum error-correcting codes were constructed from BCH codes, Reed-Muller codes, 
Reed-Solomon codes and algebraic geometric codes, see [2-6]. So it is natural to construct 
quantum error-correcting codes from quaternary cyclic codes. 

It is known that there is a close relation between cyclotomic coset and cyclic codes. Sug- 
gested by this relation, we use 4-cyclotomic coset modulo n and generator polynomials to 
describe self-orthogonal cyclic codes and their dual codes. 

This paper is organized as follows. In this section, we introduce some definition and do 
some preparation for further discussion. In section 2, we construct quaternary cyclic codes of 
length 85 and related quantum error-correcting codes. In section 3, we compare the parameters 
of our quantum error-correcting codes and related cyclic codes with previously known. 

Let Fy = {0,1,w,@} be the Galois field with four elements such that @ = 1+w =w?, 
w? = 1. Cy» be a quaternary linear [n,k,d] code of length n, dimension k and minimum 
distance d. The weight polynomial of C,,; is 





1This work is supported by the N.S.F. of China(Grant No. 60573040). 
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where A; is the number of codewords of weight 7 in C. The Hermitian inner product of X,Y € Fy 
is defined as 


<T 
(X,Y) = XY = a1, + 2¥q t+: + UnIn = C1yt + toyz + +++ + Snyh- 
The dual of C,,;, is defined as 
Ct={xeFP| x-y=0 forall yeCc}, 


a code C is Hermitian self-orthogonal code if CCC+". 
Let (n,2) = 1, and let s be an integer such that 0 < s < n. The 4-cyclotomic coset 


of modulo n is the set C{? = {s,4s,4?s,--- ,4*-!s}(modn), where k is the smallest positive 


) symmetric if n — 2s € ci), 


_ 


n—2s° 


integer such that 4*s = s(modn). We call a 4-cyclotomic coset C Se 
and asymmetric if otherwise. The asymmetric cosets appear in pairs ci) and cf. 
We use e(n) to denote the number of symmetric cosets and 6(n) the number of asymmetric 
pairs. 

If € is a primitive n-th root of unity in some field containing Fy, then the minimal polyno- 
mial of €° over FY is 

ms(e)= T] (@-£) 
sec? 


and 
e(n) 6(n) 


x” —1= J] mi,(2) [] (mj (@)m_2;,(2)), 


=1 l= 


BR 


ce) e@ 


where the C;,(1 < t < e(n)) are all symmetric, and (C;",C“3,, 


)\(1 <1 < d(n)) are asymmetric 
pairs. 
If C is a cyclic code of length n, then C has a generator polynomial g(x) which is a divisor of 


x” —1. For any polynomial f(z), use f(x) = x49!) f(4) to denote the reciprocal polynomial. 
Bat) 

g(x) 7° 

The following theorem from [1] can be used to construct quantum error-correcting code, 


Then the dual code of C has the generator polynomial h(x) = ( 





we call this theorem as additive code construction. 
Theorem 1.1. Let C = [n,k] be a quaternary code such that C Cc C+. If there are not 
vectors of weight < din C+\C, then there exist a quantum error-correcting [[n, n — 2k, d]] code. 


§2. Quaternary cyclic codes of length 85 


In this section, we will discuss quaternary cyclic codes of length 85 and corresponding 
quantum error-correcting codes. 
Theorem 2.1. Let C = [n,k,d] be a quaternary cyclic code and 


e(n) d(n) 
C= (YJ mi (a) [] mi @)m2y,,(2))). 
t=1 l=1 


Then C+ CC if and only if a, = 0 and bj +c < 1. 
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Proof. Let the generator polynomial of C is 


e(n) 6(n) 
f(x) = [J mit) [mi @my,,(2)) 
t=1 l=1 


Then the generator polynomial of C+ is 





e(n) 5(n) 


na) = (=) = TT mt) TT rh eye). 


l=1 





From [7] we know that C+ C C if and only if f(x)|h(«), thus the theorem is proved. 


Table 1 Cyclotomic cosets and minimal polynomial 













































































i of m;(x) 

0 {0} x-1=(1,1) 

1 | {1,4,16,64} 1+ 32+ 2? + 27% = (1,3,0,1,1) 

2 | {2,8,32,43} 1+ 22+ 2? + 2% = (1, 2,0,1,1) 

3 | {3,12,48,22} 1+ 3n7 + 223 + 4 = (1,0,3,2,1) 

5 | {5,20,80,65} | 1+3a+a?+3a3 4 24 = (1,3, 1,3, 1) 
6 | {6,24,11,44} 1+ 22? + 32 + x4 = (1,0,2,3,1) 

7 | {7,28,27,23} | 1+ 29 + 2a? + 323 + 2+ = (1,2, 2,3, 1) 
9 | {9,36,59,66} 1+ 22+ 2? +2* =(1,2,1,0,1) 

10 | {10,40,75,45} | 1+2a+a7+ 223 + xt = (1,2,1,2,1) 
13 | {13,52,38,67} 1+a?2 +323 + 24 = (1,0,1,3,1) 
14 | {14,56,54,46} | 1+ 39+ 32? + 20° + 2* = (1,3,3,2,1) 
15 | {15,60,70,25} | 1l+2+20¢? +434 24 = (1,1,2,1,1) 
17 {17,68} 1+ 32 +2? = (1,3,1,0,0) 

18 | {18,72,33,47} 1+32 +27 +24 =(1,3,1,0,1) 

19 | {19,76,49,26} 1+ a? + 223 + «* = (1,0, 1,2, 1) 
21 | {21,84,81,69} 1+a+ 32° + x* = (1,1,0,3,1) 

29 | {29,31,39,71} | 1+ 22+ 327 + 32° + 2* = (1, 2,3,3, 1) 
30 | {30,35,55,50} | 1+a2+3a22+23 +24 = (1,1,3,1,1) 
34 {34,51} 1+ 22 +2? = (1,2,1,0,0) 

37 | {37,63,82,73} 1 + 29 +32? + 27 = (1,2,3,0, 1) 

41 | {41,79,61,74} 1+ 35 +227 + 2* = (1,3,2,0, 1) 
42 | {42,83,77,53} 1+ 9+ 22° +24 = (1,1,0,2,1) 

57 | {57,58,62,78} | 1+ 32 +22? + 223 + x4 = (1,3, 2,2, 1) 
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Now we fix n = 85, all the 4-cyclotomic cosets mod 85 and minimal polynomial of a‘ are 
listed in Table 1(where the 4-cyclotomic cosets contain i are denoted by om and the minimal 
polynomial denoted by m;(x) = yA a,x" = (a1,+++ ,@,); w are denoted by 2 and @ denoted 
by 3). 

From Table 1, we know that 85 — 2i(mod85)(1 < i < 85) are not contained in cM for all 
i, then all the 4-cyclotomic cosets mod 85 are asymmetric except Co. 

We may obtain $7), (1")2* generator polynomial of quaternary cyclic code Cgs,x that con- 
tain their dual by the 22 minimal polynomial m,;(x) (i 4 0). It is easy to know that there are 
thousands of cyclic codes of length 85 generated by these minimal polynomials, and it is difficult 
to obtain the parameters of all cyclic codes of length 85. In light of the selecting method in 
Ref.[8], we may decrease the computing times and obtain the parameters of Cg5,;, easily. 

Theorem 2.2. Let n = 85, and quaternary code C,,,, be a [n,k] cyclic code such that 
Cox C Cyn, then there exist such codes with parameters [n, 79, 4], [n, 73, 5], [n, 73, 6], [n, 71, 7], 
[n, 69, 7], [n, 65, 9]. 

Proof. Let the generator polynomial fn,4,a(7) = mi,(x)...mi,(a) of cyclic code Ch, = 
[85,k,d], where i; € ce and mj,,(x) is the corresponding minimal polynomial. Then the 


oe 
85-1 


generator polynomial h,, »—x,41(@) = ( Tay ) of Cr, = [85,85—k, d+]. If 85—k < 16, we can get 





the weight polynomial of C5, , easily, then there exist self-orthogonal cyclic code [85,85 —k, d+]. 
From MacWillams Equation, thus we have the value of d. If 85 — k > 16, using the method in 
Ref.[9], we can obtain d directly. Especially, 
(1) If 85 —k < 16, then there are four quaternary cyclic codes [85, k, d] satisfying C+ CC, 
these codes with generator polynomial 
fiss,79,4(«) = m4(x)m17(2) = (1032221), 
fis5,73,5() = my, (x)m3(a)me1(x) = (1201301032301), 
fg5,73,6(2) = m3(x)ms5(x)mo9(x) = (1123002020211), 
fss.71,7(@) = mi(“)m3(x)m5(x)m17(x) = (131301012332331). 


Accordingly, their dual codes with weight polynomial Ags g5_; are as follow: 


Ags 6(2) = ol ae 601275 as 621020 fe 64255 oe 661020 ae 6815 ie fon. 


Ags,12(Z) = 0! a 44080 at 5012240 i 5996100 oe 54208080 ris 56213060 a. 51150560 fe 602136900 
+.622853960 a 643403230 4 662988600 ae 6381938000 a 791013880 ae 72390150 











+7491800 mie 7612240 ae 734080 ae 80255 


Ags,12(2) = 0! at 486375 a 52107100 zis 561094970 de 604082864 ate 640781215 
4.6 82930060.75763470 as 7630600 a gor", 


Ags,14(2) = o! 44255 463080 4849980 | 5246840 ae 52952935 ao 543062040 | 568327280 


5818706800 zie 6022218799 as 6247307600 4 6453529345 zn 6647281080 a GR21774545 











+70916065000 ue 728102660 he 741509600 a 76262650 ju: 7333660 ae 891826 | 
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(2) If85—k > 16, then there are two quaternary cyclic codes [85, k, d] satisfying Ct C C, 
these codes with generator polynomial 


fg5,69,7(2) =S=mMmy (x)m3(x)ms5(a)m15(x) —_ (11220032002220011). 


fs5,65,9(2) = mz(x)m13(2)mM14(x)M39(L) M42 (x) = (113133311231030113211). 


Summarizing the above discussion, the theorem follows. 

Using quaternary cyclic code given in theorem 2.2 and additive code construction, one can 
easily derive the following corollary. 

Corollary 2.1. Let n= 85. Then there are quantum error-correcting codes with param- 
eters [[85, 73, 4]], [[85,61, 5]], [[85,61, 6]], [[85,57, 7], [[85, 53, 7], [[85, 45, 9]]. 


§3. Concluding Remarks 


There are some good quantum error-correcting codes can be constructed from these qua- 
ternary cyclic codes of length n = 85 by additive code construction. Ref.[10] give the estimate 
parameters of quantum error-correcting codes [[85, 73, 4]],[[85,61,5]] and [[85, 53, 7]], however, 
we present the real parameters of these codes, and we find that the estimate value and real 
value are equal. 

Compare with the highest achievable minimum distance of additive quantum error-correcting 
code [[85, 61, 5]] given in [11], linear quantum error-correcting code [[85, 61, 5]] given in [10] and 
[[86, 60, 6]] given in [11], our code [[85, 61, 6]] is very good. Our quantum error-correcting codes 
[[85, 57, 7]] and [[85, 45, 9]] are better than [[85, 53, 7]] and [[85, 41,9]] given in [12]. 
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Abstract For any positive integer n, the famous F.Smarandache LCM function SL(n) defined 
as the smallest positive integer k such that n | [1, 2, --- , k], where [1, 2, --- , k] denotes the 
least common multiple of 1, 2, ---, &. The main purpose of this paper is using the elementary 
methods to study the value distribution properties of the function SL(n), and give a sharper 
value distribution theorem. 


Keywords F.Smarandache LCM function, value distribution, asymptotic formula. 


§1. Introduction and results 


For any positive integer n, the famous F.Smarandache LCM function S'L(n) defined as the 
smallest positive integer k such that n | [1, 2, --- , k], where [1, 2, --- , k] denotes the least 
common multiple of 1, 2, ---, &. For example, the first few values of SL(n) are SL(1) = 1, 
SL(2) = 2, SL(3) = 3, SL(4) = 4, SL(5) = 5, SL(6) = 3, SL(7) = 7, SL(8) = 8, SL(9) = 9, 
SL(10) = 5, SL(11) = 11, SL(12) = 4, SL(13) = 13, SL(14) =7, SL(15) =5, ---. About the 
elementary properties of SZ(n), some authors had studied it, and obtained some interesting 
results, see reference [3] and [4]. For example, Murthy [3] showed that if n be a prime, then 
SL(n) = S(n), where S(n) denotes the Smarandache function, i.e., S(n) = min{m: n|m!, me 
N}. Simultaneously, Murthy [3] also proposed the following problem: 


SL(n) = S(n), S(n) An? (1) 


Le Maochua [4] completely solved this problem, and proved the following conclusion: 
Every positive integer n satisfying (1) can be expressed as 


n=12 or n=pf'ps?--- perp, 


where pj, P2, °*:, Pr, p are distinct primes, and aj, a2, ---, a, are positive integers satisfying 
p> pe, i=1, 2, alee He 
Lv Zhongtian [6] studied the mean value properties of SL(n), and proved that for any fixed 


positive integer k and any real number x > 1, we have the asymptotic formula 


2 k 2 


Tw Gx x 





a 
n<a 1=2 In’ 





1This work partly supported by the N.S.F.C.(10671155) 
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where c; (4 = 2, 3,--- ,&) are computable constants. 


The main purpose of this paper is using the elementary methods to study the value distri- 
bution properties of SZ(n), and prove an interesting value distribution theorem. That is, we 
shall prove the following conclusion: 


Theorem. For any real number x > 1, we have the asymptotic formula 


2 2 5 at i wi 
S> (SL(n) — P(n)) 5 ¢(5) ‘Ina a (=) 


n<u 





where ¢(s) is the Riemann zeta-function, and P(n) denotes the largest prime divisor of n. 


§2. Proof of the theorem 


In this section, we shall prove our theorem directly. In fact for any positive integer n > 1, 


let n = p}'p5? ---p% be the factorization of n into prime powers, then from [3] we know that 
Py P2 8 


SL(n) = max{p?", Ds’, aaa ae (2) 


Now we consider the summation 


2 (SL(n) — P(n))’. (3) 


n<x 


We separate all integers n in the interval [1, x] into four subsets A, B, C and D as follows: 
A: P(n)>J/nandn=m- P(n),m < P(n); 
B: n3 < P(n)< J/nand n=m- P?(n),m<n3; 
C: ni<p< P(n) < Jn and n=™m- p;- P(n), where p, is a prime; 
D: P(n) <n. 
It is clear that ifn € A, then from (2) we know that SL(n) = P(n). Therefore, 


do (SE(n) — P(n))’ = YO (P(r) — P(n))? = 0. (4) 


neA neA 


Similarly, if n € C, then we also have SL(n) = P(n). So 


do (SE(n) — P(n))’ = SF (P(r) — P(n))’ = 0. (5) 


nec nec 


Now we estimate the main terms in set B. Applying Abel’s summation formula (see 
Theorem 4.2 of [5]) and the Prime Theorem (see Theorem 3.2 of [7]) 


r(a)= i= = +0(-5-) 


In? x 
psa 
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we have 


S- (SL(n) — P(n))? = S> (SL(mp?) — P(mp?))” 


neB mp? <a 
m<p 


= + dX (p-p)’ 


1 
m<ax23 M<PSr/ 


_ = (2)"-*(y2) <4 [" vaapde +0 (n° +5) 





1 
m<a3s 
3 2 
x x 
= S 5 + O 52 
, \dm2 In,/= m2 In* = 
m<a3 ah my 


I 





2 5 x2 x2 
26(5) = o(=), 


where ¢ (s) is the Riemann zeta-function. 

Finally, we estimate the error terms in set D. For any integer n € D, let SL(n) = p®. If 
a=1, then SL(n) = p= P(n), so that SL(n) — P(n) = 0. Therefore, we assume that a > 2. 
This time note that P(n) < n3, we have 


S> (SL(n) — P(n))” « $5 (SL?(n) + P?(n)) 


neED neED 
2 2 2 3 
— 2, Pee. 2. ee 
mp* <a na prcax MS 5a 
1 1 
a>2, p<ax3 a>2, p<x3 
5 
= 2 
< a: y pi +23 Ka". (7) 
pOsa 
1 
a>2, p<x3 


Combining (3), (4), (5), (6) and (7) we may immediately obtain the asymptotic formula 


do (SE(n) — P(n))’ = D7) (SL) — P(n))? + D7 (SL(m) — P(n))? 


n< neA neB 


+ $5 (SL(n) — P(n))” + $3 (SL(n) — P(n))? 


nec neED 


2 5 x2 x2 
- (3) = o(=). 


This completes the proof of Theorem. 
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Abstract In this paper we give refinements for the inequalities 7? + y? + 2? > xy +yz+ 2x 
and (27 + ay +y") (y? +yz+27) (2+ 22427) > (xytyzt+ za)” (see [1] and [2]). 
Keywords AM-GM-HM inequalities. 


§1. Main Results 


Theorem 1. If x,y,z > 0, then 


F(t +) +2) (2 +2°) 


(ty? +27)" > 8 
= (a? + xy + y’) (y? + yz+ z) (2? + 20+ i) 
> FetyP utr ete) 
> (cytyz+za)*. 








Proof. 








re =< () ) 


If x,y > 0, then 


NO] ww 


3 
(a? + y”) >aetayt+y?> qiatyy etc. 
Let be A=a+y+2, B=ayt+yz4+ 2a, C = cyz, from So a(y-2) > 0 holds AB > 9C, 
and from S- (a — y)* > 0, we have A? > 3B, therefore 
2 1 ae ee 3 
27(AB- C)’ > 27( AB- AB) = —A?B? > 64B 


or 


27 (a@+y)* (y+2)? (z+ 2) > 64 (cy + yz+22)°. 
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Application 1.1. In all triangle ABC we have: 


1. 


IV IV IN 


IV 


bho © 


(s? -r— 4Rr)° 
" ((s? 1? —4Rr) ((s? +124 4Rr)? — 16sRr) — 163?R?r?) 


8 
IL @ + ab +b’) 


as (a7 +r +2Rr)’ 


(s? fret ARr)°, 


(s? — 27? — 8Rr)° 





2 f(r (s? — 2r? — 8Rr) ((4R+1)? - 2s”) — s?r4) 
= II ((s ay $(e—-a)G— By »)*) 
> at PRR? 
> (r(4R+r))°, 
3 
eo 
2 7 (((4R+ ry? = 2s?) (s? — 8Rr— ar?) _ or) 
1 
2 aL (rit rare +75) 
> aR? 
a SF, 


This are new refinements of Euler‘s and Gerretsen’s inequalities. 
Application 1.2. If x,y,z >0 then 


( 


TrytzZ ° 


3 





) = Fetwutaere 




















> let Vav+y) yt Ve +2) (z+ Ve +2) 
> a (ve+ va)" (vu v2)" (v2 + va)” 
JIG + feet Vz" BVTyz__\* 
: ( 3 2n> (ae) 
_ 64a2y? 2? 
(vet V5) (V+ V2) (VE + V8) 
2 Q7ax*y 2 22 
~ (a+ /f/eyty) (yt fyzt+2z) (2+ Vzr4+2) 
a 8a2y2z? 
- G+) U+9 EF") 
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3 
= 1 1 1 . 
atytz 


This are new refinements for AM-GM-HM inequalities. 





1 1 
Proof. In Theorem 1, we take tx > /z,y > \/y,z — /z and after then x > —, y > -, 
x eT] 





Ss 


Zz 
Application 1.3. Ifa, b, x, y > 0, then 


((2a +b) « + (a + 2b) y)° 
OF 























= Bg (a+ 8) (e+ y) ((2a + b) a + by) (aa + (a + 2b) y) 
> (x + Jay +y) (2a +b) + by + Va (a+b) (ax + by)) 
(ax + (a +20) y+ Vy (a+b) (ax + by) 
> =" (a+b) (vE+ yu)’ (Vert by+ Valero) (Jartby+ Jylard) 
> (a+b)? ((ve+ Vu) ant by+ Vlatb)ay). 


> 27xy (ax + by) (a+). 
































Proof. In Application 1.2, we take z = ae , 
Theorem 2. Ifa, >0 (k=1, 2,-:--, i), Whee 
n 
(>: x) > (=) (att +.rg7") (wg) + a97*)--- (a2) + 22") 
k=1 
> (aft tap 7a +++ +2,0577 + 297") 
(o.- tt oh 2 ag te + egah 2 + oh a 
(art tah Pay test anat 7? +2}") 
= (== =) ( ty +22)" * (eo +23)" ... (an +21)” * 
2 


n 
n n-1 
nT] or 
k=1 
Proof. 


(so) =( yo 2 te |) 5 8)" TT etter). 


cyclic cyclic 


Now, we prove the following inequalities: 











gr 1 + y” 1 gn 1 ar ay Peed th zy”? ye (? as ne 
> 
2 ~~ n ’ 


for all x, y > 0. Forn =2 and n = 3 its true. 
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We suppose true for n — 2 and we prove for n — 1. For this we starting from: 


gr? 4 g—3y 4. 4 gyM3 4 yr? rty se at+y n—-1 
n—-1 2 ~~ 2 , 


and we show that 





grt a gr—ty Aenie eat ry”? ate yt 





a gn—2 + gr3y cee xy” 3 + yr? a+ y 
n ~ n—1 2 
or 
n—2 
(n = 2) io an yt) > 250 gh lke 
k=1 


but this result from 
which is equivalent with 
where k € {1,2,--- ,n—1}. 
Ifk € {1, 2,---, n—1}, then from pondered AM-GM inequality results that 
ka"—1 + (n — k) yy" 1 > (n—1)z k ke 


After addition we obtain 


grt +yr Z, grt + rey + a eet ry”? +yr 1 
2 = n : 





Finally we have 


(3) I] ers) 








cyclic 
n—-1 
=, att II zy tay +3 
cyclic 
gr +2 n—-1 
n—-1 n—2 n—-1 n 1 2 
= IT @ +27 _ 2p +... toa + Xo jon I] (2*) 
cyclic cyclic 
n 1 i = 
= (==7) II (x1 +22)"" = n” [fee 
cyclic k=1 
Application 2.1. Ifa, >0(k=1, 2, ---, n), then 
1 1 
—S tm, > ap II (21 + 22) 
k=1 cyclic 
1 as, nm-1-i i 
> 217 (Saar 
a cyclic \i=0 


1 “nh 
2 = 9n—1 II (a +27") 


cyclic 


)i 
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2 

ete, 

Proof. In Theorem 2, we take x, > #7" (kK =1,2,--- ,n). 
Remark. ‘i 

Ry (21, Xo, cep) = 2 i I] (x1 + X2), 

cyclic 
1 m1 iia ‘ 
R woe ae nm—-1 ,,n—1 
2 (@1, £2, Ln) n (Ss To ) 
cyclic \i=0 





1 1 1 “nh 
Rs (21, %2,°** €n) = sy II (oP +277) ’ 





cyclic 
ed 1 : 
Hy (ey, a, ** (hg) = 1 1 1 Gg=1, 2, 3), 
fy (arbi e 


are new means which give refinements for AM-GM-HM inequalities. 
If 


1 n 
A(21,@2,°°* ,&n) =~ S Uk, 
k=1 








G (a1, 22,°°: n= 
1 
H (a1, %9,+++ ,2n) = =} 
2s ey 
k=1 
then we have the following: 
Theorem 3. If x, > 0, then 
A(@1)%a,?**4fq) 2 Ry (Bi) 2937+ > pa) & Bo (ta; Bay on) 
= Rs (@1,%2,°° Lez) = G (a1, £2, . ;Zn) 
= R3 (@1,22,°°* ,fn) > Re (x1, 22,°*+ , Tn) 
= Ry (£1, %2,°+* , fn) > H (21, 20,--- ,2n) 


Application 3.1. In all triangle ABC holds: 


2 
1. > = Ry (a, b, c) = Re (a, b, c) = Rs (a, b, c) 
> Wa4sRr > R3 (a,b,c) > Rz (a,b,c) > Ri (a,b,c) 
12sRr 
RS ESE = 
—  g2++r2+4Rr’ 
2: 5 > Ri (s—a,s—b,s—c) > Ro(s—a,s—b,s—c) 
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> R3(s—a,s—b,s—c) > WVsr? > R3(s—a,s—b,s—c) 
zs Rp (s—a,s—b,s—c) > Ri (s—a,s—b,s—c) 
3sr 
= ? 
— AR+r 
4R 
— z = Ry (Ta, Tb, Te) = Ro (Ta, 1b; Te) = Rs (Ta, Tbs Te) 
= v s°r > Rg (ra,Pb, Pe) > Ro (ra;Tb, 7c) 
= Ri (ra; Pb; Pe) > 3r, 
2R— A B C A B C 
4. oR 5 & Ry (sin 5 sin? >, sin” S| Sh (sin 5 sin? >, sin” _ 
A B C 2 
> Rs (si 5 sin? 5 sin” =) cat Ta 
_ A B C i C 
> 3 (sin 5 ,sin? 5 sin? = | > Ra (sin , sin 5 ,sin? 5 
> R, [( sin? e sin? 2 sin? 2 > 3r? 
— 2° 2° 2) ~ s*+7r2—8Rr’ 
4R+r 2A ,B oC 5 B C 
x > x 
6R > Rk, (cos 3 7008 3 1008 5 > Rz | cos” —, cos 3 1008 5 
A B C 8? 
2 2 2 3 
> Rs (cos 3 7 008 3 1008 _ > 162 
> Rs | cos? cs cos? # cos? E > Ro | cos cos? o cos . 
a Qe 2° 2) 2” De 2 
_ A B 2 
> R (cos? , cos” —, cos” ) > ae 5 
2 2 2 s?+ (4R+r) 


which are new refinements for Euler’s and Gerretsen’s inequalities. 
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Abstract For any positive integer n, the Smarandache LCM dual function S.L*(n) is defined 
as the greatest positive integer k such that [1, 2, ---, k] divides n. The main purpose of 
this paper is using the elementary method to study the calculating problem of a Dirichlet 
series involving the Smarandache LCM dual function SL*(n) and the mean value distribution 
property of SL*(n), obtain an exact calculating formula and a sharper asymptotic formula 
for it. 

Keywords Smarandache LCM dual function, Dirichlet series, exact calculating formula, 


asymptotic formula. 


§1. Introduction and result 


For any positive integer n, the famous F.Smarandache LCM function SL(n) is defined as 
the smallest positive integer k such that n | [1, 2, ---, k], where [1, 2, --- , k] denotes the 
least common multiple of all positive integers from 1 to k. That is, 


SL(n)=min{k: ke N, n|[1, 2, ---, Ay}. 


About the elementary properties of SL(n), many people had studied it, and obtained some 
interesting results, see references [1] and [2]. For example, Murthy [1] proved that if n be a 
prime, then SL(n) = S(n), where S(n) = min{m: n|m!, m € N} be the F.Smarandache 
function. Simultaneously, Murthy [1] also proposed the following problem: 


SL(n) = S(n), S(n) An? (1) 


Le Maohua [2] solved this problem completely, and proved the following conclusion: 
Every positive integer n satisfying (1) can be expressed as 


n=12 or n=pf'ps?---prrp, 


where pi, po, °°-, Pr, p are distinct primes and aj, a2, ---, @, are positive integers satisfying 
Pp. 4 S12 

Zhongtian Lv [3] proved that for any real number x > 1 and fixed positive integer k, we 
have the asymptotic formula 


wT x? BG 2? x? 
Cie 12 EE ol 
pS mH 12 Ing d ln’ x a (ars) 
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where c; (¢ = 2, 3, --- , &) are computable constants. 
Now, we define the Smarandache LCM dual function SZ*(n) as follows: 


SL*(n) = max{k: ke N, [1, 2, ---, k] | nf. 


For example: SL*(1) = 1, SL*(2) = 2, SL*(3) = 1, SL*(4) = 2, SL*(5) = 1, SL*(6) = 
3, SL*(7) = 1, SL*(8) = 2, SL*(9) = 1, SL*(10) = 2, ---. Obviously, if n is an odd 
number, then SL*(n) = 1. If n is an even number, then SL*(n) > 2. About the other 
elementary properties of SL*(n), it seems that none had studied it yet, at least we have not 
seen such a paper before. In this paper, we use the elementary method to study the calculating 
problem of the Dirichlet series: 





oo 
3 SL 2) 
n=1 
and give an exact calculating formula for (2). At the same time, we also study the mean value 
properties of SZ*(n), and give a sharper mean value formula for it. That is, we shall prove the 
following two conclusions: 

Theorem 1. For any real number s > 1, the series (2) is absolutely convergent, and 


7 SLA) a =D =D 
oe 60) 0 a 








where ¢(s) is the Riemann zeta-function, » denotes the summation over all primes. 


Pp 
Theorem 2. For any real number z > 1, we have the asymptotic formula 


S- SL*(n) =c-x+O(In’ 2), 





n<ux 
ca 
O=ip=1) ; 
where c = » = is a constant. 
eae (Glee, ) 


Note that ¢(2) = 17/6, from Theorem 1 we may immediately deduce the identity: 


sas )_ PA De’ -D 
ee 








= op 


§2. Some useful lemmas 


To complete the proofs of the theorems, we need the following lemmas. 
Lemma 1. For any positive integer n, there exist a prime p and a positive integer a such 
that 
SL*(n) = p* —1. 


Proof. Assume that SL*(n) = k. From the definition of the Smarandache LCM dual 
function SL*(n) we have 
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else [1, 2, ---, k, k+1] | n, then SL*(n) > k+1. This contradicts with SL*(n) =k. Assume 
that k+l =p™ pe ee where p; is a prime, py < po <-::<ps,aj >1, i=1, 2, 
If s > 1, then pf <k, p5?--- pos <k, so 








py | [1,2,-+-,k], pp?---poe | [1,2,+-- , A]. 
Since (p{*, p5?---p%*) = 1, we have 
py'pa? py? | [1, 2, +++, Ay. 
Namely, k+1| [1, 2, ---, &]. From this we deduce that k +1 | n. This contradicts with 


SL*(n) = k. Hence s = 1. Consequently k+1 = p*. That is, SL*(n) = p* —1. This completes 
the proof of Lemma 1. 
Lemma 2. Let L(n) denotes the least common multiple of all positive integers from 1 to 


)) 


n, then we have 
—c(Inn) 
(InInn) 


AIF} cnles 


In(L(n)) =n+O (» -exp ( 


where c is a positive constant. 
Proof. See reference[4]. 


§3. Proof of the theorems 


In this section, we shall complete the proof of the theorems. First we prove Theorem 1. 
From the definition of the Smarandache LCM dual function SL*(n) we know that if 
(1, 2, ---, k] | n, then [1, 2, ---, k] <n, In([1, 2, ---, &]) < Inn. Hence, from Lemma 


is ] 
2 we have SL*(n) =k < Inn, wy) 2c . Consequently, if s > 1, then the Dirichlet series 





— SL* 
s oe) is absolutely convergent. From Lemma 1 we know that SL*(n) = p® — 1, then 
n> 


n=1 
[l, 2, ---, p~—1] | n. Let n = [1, 2, --- , p* —1]-m, then p { m, so for any real number 
s > 1, we have 


Sa ee 


n=1 a=1 p n=1 a=1 p m=1 


























SL*(n)=p*—1 pim 
Co ot 1 co 1 
= a ae 2 
ptm 
<< pr -1 “SA 1 a 
- Pei 2, pe =1F (2 ie =) 
<< pe-1 1 1 
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co 


6) Soe). 


= » pols 





This proves the theorem 1. 


From the definition of the Smarandache LCM dual function SL*(n), Lemma 1 and Lemma 
2 we also have 


So SL*(n) = y; (p* —1) = S> (ge = 1) > 1 














n<x [1, 2, ++, p*—-1])-m<a [1, 2, +, p¥—1]<a PpIX 
(m, p)=1 ptm 
x x 
= or -1)( - 3 + 0(1)) 
[1, 2 -1)<a (1, 2, > DP =< 1) (1, 2, ’ ] 
e_] 1 
— (PF -)e-N ig vr 
(1, 2, mee oy ial 
[1, 2 p%—l1j<a [1, 2, p%—1j<a 
xn (p? = 1)(p- 1) 
* arr 2,0: p] na) 
a=1 p 
= ¢ z+O(In i) 
where c= 3 eee )); is a constant. 
oxi te ee ca 


This completes the proof of Theorem 2. 
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Abstract We study the local and isometric embedding of Riemannian spacetimes into the 
pseudo-Euclidean flat E6. Our main purpose is to pinpoint the known results with the cor- 
responding references, and to indicate the main routes and connections from here to the still 
open problems in the field. Some new results are also included in order to round off our 
discussion. 


Keywords Embedding of Riemannian spacetimes, local and isometric embedding. 


81. Introduction 


Here we study spacetimes admitting local and isometric embedding into Eg, i.e.,4-spaces 
of class two [1,2]. When we conceive a certain V4 as a subspace of a flat N-dimensional space 
N < 10, new geometric objects arise (like various second fundamental forms and Ricci vectors) 
which enrich the Riemannian structure and offer the possibility [3-6] of reinterpreting physical 
fields using them. Unfortunately to date such hope has not been realized since it has been 
extremely difficult to establish a natural correspondence between the quantities governing the 
extrinsic geometry of and physical fields. In spite of this, one cannot but accept the great value 
of the embedding process, for it combines harmoniously such themes as the Petrov [1,7-12] and 
the Churchill-Plebafski [13-18] classifications, exact solutions and their symmetries [1,2,19-34], 
the Newman-Penrose formalism [1,35-38], and the kinematics of time-like and null congruences 
(1,2,23,24,36,39,40]. On the other hand, it offers the possibility of obtaining exact solutions 
that cannot be deduced by any other means [1]. 

In this work we study spacetimes (here denoted as V1) admitting a local and isometric 
embedding into the pseudo-Euclidian flat space, that is, spacetimes of class two [1,2]. The 
article is organized as follows. In section 2 we expound the Gauss, Codazzi and Ricci equations 


for an V4 embedded into Eg. In section 3 we analyse those equations to state the necessary 
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algebraic conditions for a spacetime to be of class two. Some of these stated conditions are 
already known but some others are new. In section 4, we again employ the results of the 
prevoius sections to investigate a vacuum V4 which leads us to the Collinson [36] and the 
Yakupov [41] theorems; our results are then used in some metrics obtaining known results and 


a few new ones. 


§2. Gauss, Codazzi and Ricci equations 


In this section we expound the governing equations of the embedding of a V4 into a flat 6- 
dimensional space. These are the Gauss, Codazzi and Ricci equations (GCRE), which constitute 
an algebraic and differential system which usually is not very easy to solve to obtain the three 
important quantities for the embedding process, namely, the two second fundamental form 
tensors and the Ricci vector. Let us mention that in all of our discussion we use the tensorial 
expressions of the GCRE. 

In the embedding problem, let us recall, the intrinsic geometry of the spacetime (mainly 
determined through the metric tensor Gy») is assumed given, what is required is the extrinsic 
geometry of V4 respect to Eg. In the stated case, we have two additional dimensions which 








means that V4 now posses two normals (in Ee) with indicators ¢, = +1 and eg = +1; this 
requires two second fundamental form tensors °b;; =* bj;, a = 1,2, and a Ricci vector A,, 
these quantities cannot be prescribed arbitrarily since they determine the extrinsic geometry 
of the spacetime embedded into Eg. For a local and isometric embedding to be realizable, it 
is necessary and sufficient that the GCRE equations hold [2,25,36,42]. These algebraic and 
differential relationships between the new geometric degrees of freedom bj; and A,, are the 


conditions for their existence; the set of equations are 


2 
Reco = SGC bap "tog — Big * Bey), Cause (1) 
r=1 
*hoae—" ame = €a( Ap “Dap — Ap “Oye), Codazzi (2) 
"Un a barre = —€1(Ac hn — Ay This) Codazzi (3) 
Fir = Ary = Aj,r =! b; 2b =e by. beg, Ricci (4) 


where a semicolon indicates a covariant derivative (with respect to the coordinates of V4), a 
comma an ordinary derivative and Rapa stands for the V, Riemann curvature tensor [1]. Notice 
the similitude of (2) and (3): if in the former we replace, respectively, 4b., and €2 by 7b¢, and 
—e,, we get the latter. The set of equations (1) to (4) are written entirely in terms of the V4 
we try to embed and, in general, are rather difficult to solve; it is natural thus to look for a 
simplification. This can be achieved reasoning by analogy with the Thomas theorem, valid for 
any spacetime V4 embedded into Es [38,43,44], namely, if a class one spacetime has det(b;;) 4 0 
then Gauss equation implies Codazzi’s , therefore, in the case of class one spacetimes the search 
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of the second fundamental form b;; is mainly algebraic simplifying the embedding process. For 
class two spacetimes the process is more difficult, for, unfortunately the consideration of at 
least one differential equation becomes necessary. 

Gupta-Goel [30] showed that, when (*b.,) 4 0 , the second of Codazzi equations (3) and 
the Ricci equation (4) follow from (1) and the first of Codazzi (2). They used this result to 
embed every static spherically symmetric spacetime into Eg (the embedding into Eg of such 
spacetimes had been carried out explicitly before by Plebamski [21,33]). This shows that the 
metrics of Schwarzchild and of Reissner-Nordstrom can be embedded into Eg in spite of the 
fact that it is not possible to embed them into Es [38,39,44,45]. 

Goenner [46] has performed a complete study of the interdependence of the CGRE, for 
example, he proved two theorems that are more general than the Gupta-Goel result [30], namely: 


If the rank of 7ba¢ > 3, then (1), (2) and (3) imply (4); (5) 
the second result says that, 
if the rank of 7ba; > 4, then (1), (2) and (3) imply (4). (6) 


These two theorems are valid for any R, mbedded into E,,42 and are a consequence of the 
Bianchi identities [1] for the curvature tensor. 

For class-2 spacetimes the intrinsic geometry of V4 is given, we are left thus with the 
problem of constructing "bac, €r, 7 = 1,2 and A, as solutions to equations (1)-(4). Before we 
address the problem of finding solutions to those equations it can be convenient to verify certain 
other conditions that every class-2 spacetime should satisfy. If such conditions are found not 
to hold, it is pointless to try to find the second fundamental forms or the Ricci vector. 


§3. Necessary conditions for the embedding of V; into E¢ 


To show that a certain spacetime cannot be embedded into Eg needs showing that the 
GCRE admit no solution; but proving this directly is usually a very complex task, therefore, it 
is better to search for indirect evidence in the form of necessary conditions for the embedding. 
If these conditions are not satisfied we can be sure that no solution of the GCRE exist. In this 
section we address some necessary conditions for a V4 to be a class two spacetime. 

First a result that Matsumoto proved [47] for a Riemannian R, (that is, a space with 
a positive definite metric) embedded into Eg, whose general validity for spacetimes (that is 
pseudo-Riemannian V4 spaces with a non-positive definite metric) was first noticed by Goenner 
[42]. For every class-2 V4, we must have 


€1€2 


ere Ae re ee), (7) 


with F? defined as in (4). If we multiply Matsumoto’s expression times the Levi-Civita tensor 
[1,37] pier we get 


*Co =* Capea Ot = —2€1€2F5 = —2€,€2F ap fae (8) 
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where Capea is the Weyl conformal tensor and *Copca is its dual [1,11,48]. Fy, is an extrinsic 
quantity but equation (8) indicates that the invariant F,) *F has to be intrinsic because it is 
simply proportional to an invariant of the Weyl tensor. 

Not mattering what the class of a spacetime, it is very easy to show the interesting identity 
(that we believe has not been previously noticed) 





* Dx«tjkex ar Y 
R tjk RarkeRp; = qo (9) 
where we have defined 
R 
Y =* RIK RP eeRE = —*C34 5 + Co + 6* Rs, 
"Ce = Cad CS, Re = Ry RR", (10) 


such that Ra» = R',, is the Ricci tensor, R = R? is the scalar curvature, *Ravca is the simple 
dual and * R*,., the double dual of the Riemann curvature tensor Ratea [1,49,50]. 

Employing only the Gauss equation (1), Yakupov [51] has been able to obtain a very general 
necessary condition for a spacetime to be of class two, see also Goenner [2]. Yakupov result 


asserts that 
Every V4 embedded into Eg should have Y = 0; (11) 


this is a restriction upon the intrinsic geometry of a class two spacetime. Using it, we can 
ascertain that if a V4 is such that Y 40 , then its embedment into Eg is not possible. We can 
take as an example Kerr’s metric [1,52-56] which has R = 0, *R3 = 0 and *C3 4 0; with such 
values, it is clear that Y 4 0 and then it is not possible to embed a spinning black hole into Eg. 
Kerr’s metric do accept [57] embedding into Ey also but it is not yet known whether it can be 
embedded into E7 or Es. 

One has to keep in mind that Yakupov’s result is only a necessary condition since the mere 
fact that Y = 0 cannot guarantee the embedding since only Gauss equation is needed to prove 
it [51]. Gédel’s metric [1,58] is an example in which *R3 =* Cz =* C3 = 0 and Y = 0, but even 
so it is not known yet whether it is possible to embed it into Eg or not [2,22,25,32,38,39,59-64]. 

Let us consider now equation (2), first take its covariant derivative respect x? , then rotate 
cyclically the indices c, r and p obtaining in this way three equations, finally sum these equations 
to get 


Ror “Oge + Raye ‘Bar + Rober ‘bap = €2(Frp “bac + Foe *bar + Fer *bap) (12) 
and, doing similarly with (3), we also get 


Rt, *bge + RE 


arp ape 


RS Bie Ms Ogee Die ee) (13) 


These equations are equivalent to equation (8) in [51] and to equations (A2.5), (A2.6) in 
Hodgkinson [65] although we must note that he only considers the case R(ab) = 0. 

This equations offer a way for evaluating the second-fundamental form 7b,, as a function of 
F®, *Rabea and tbay. This can be seen as follows, multiply (12) and (13) times 7"?° to obtain 


*RURTID = € * pris by, ee ties, = —¢€] * F's bi (14) 
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take the product of equations (14) times F;., and keepping in mind the identity [66-69] *Fu-F" = 
co* /4, we get 


Fy bij = deg “RET “Vala Fy ‘bi = —4e * RES a een (15) 


from which, if Fo = 0, we can evaluate tba. = 0 in terms of the quantities mentioned above. 
Notice that (15) reduces to a trivial identity for vacuum class-2 spacetimes as follows from 
Yakupov result that, if we are in a vacuum, F;; = 0 always [41]. Other point worth mentioning 
is that, on multiplying (12) times €; 1b? and (13) times €2 7b? and summing to each other the 
resulting equations, we obtain equation (3a) again. 

Furthermore, if in equations (12) and (13) we contract a with r, we get (*b = *bS, s = 1,2) 


R& bge — RE "bap = €2(Fap 702 — Fac 74 +? bF pe, (16) 


Ro bge — RY bgp = —€1(Fap 104 — Fac 14 +1 dF pe, (17) 


Cc 


these equations reproduce equation (9) in Yakupov [51] - though this author uses Rap = Rgav/4 
- and equation (A2.7) in [65] for the case . Using (16) and (17) it is elementary to obtain 


*Fecrd 1p, = oP, 2b, and * FPR! bo = GB 1p, (18) 


Equations (16), (17) and (18) are interesting for General Relativity (GR) because they involve 
the Ricci tensor which is directly related with the sources of the gravitational field. 

On multiplying (16), times 7b? and antisymmetrizing indices c and t, and times 'b? and 
antisymmetrizing the same indices than before, and finally substracting the former equation 


form the latter, we get 
Ret Fap = AR Fae — Ro Fy + Ryg('b4 “bp —" bf 7b2)| (19) 
or, using the expression for the Weyl] tensor [1], 
Caper? = 2Rpq(*bt bP —1 bF 7b2) + RUFI — RYE? = i (20) 


For Einstein spaces, in which Ray = Rgav/4, (20) implies that F'?? is eigentensor of the conformal 
tensor [8,70] 


a R 
Capek CS — 3 Fis (21) 


The three relations (19), (20) and (21) are contributions of this work though have been antici- 
pated by Hodgkinson [65] for the case in which Rzp = 0. 
In terms of Cij;xr, equations (14) become 


* vigkr i wjra : * Tt a 
Ga + 5m" rt) ‘bin = +€9 FY 25%, 


* avigkr 1 agra * Tig r 
(vo eit rt) bin = —€1 Fu "Dh (22) 
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from here, is straightforward to deduce 


€ 


Ce bin "bic = TF “Cr, T=1,2, “CMM Bic Tx = 0, (23) 
* Qijke 1b sp — SCR “0 ans Fa ge (24) 


to finalize, from (10), (11) and (20) we can obtain the starting identity 


1 
"Cp er = gerea("Cs — 6*R3) = SS RCs. (25) 


Given equations (7)-(25), the main algebraic relations which must hold in any class-2 spacetimes 
have been established; to this date nobody has been capable of establishing any (perhaps 
because they do not exist!) necessary differential conditions for the embedding of V4 into Eg. 
For spacetimes embedded into Es the only known necessary differential condition was advanced 
by our group [62]; nor have been found any necessary algebraic and/or differential conditions 
for spacetimes embedded into E7, if other were the case, these would permit to study the 
embedding problem for the Kerr metric mentioned before. 


84. Necessary conditions for the embedding of vacuum 


class-2 spacetimes 


In this section we study the embedding properties of vacuum (Ra, = 0) spacetimes. The 
conditions for being class-2 can be best described in terms of properties of the null geodesic 
congruences spanned by Newman-Penrose vectors (NP) [1,8,11,35,55,71]. 

Collinson has studied the problem of embedding of a vacuum 4-spacetime in which a 
doubly degenerate NP vector n” spanning a null geodesic congruence exist, and has obtained 
the following two necessary conditions [36]: 


In every vacuum class-2 V4 with Petrov type-II a null geodesic 


congruence should exist with the three optical scalars equal to zero, (26) 


that is, if «, a and p are such NP spin coefficients [1,12,35,37,55,72], we must have for the 
congruence: « = 0 (geodesic), o = O(shearfree), p — p = 0 (no rotation), and p+ p = O(no 


expansion); also 


In Petrov-type Dtextor Ntextvacuum4 — spacetimesembeddedinto Eg, 


a null geodesic congruence with no shear and no rotation exist; (27) 


that is, a spacetimes with k =o = p—p=0. 
Studying the embedding problem Yakupov came across [41,65] the following two results 
published without proof in a Russian journal ([1], p, 369) 


No Petrov type III vacuum spacetime Vamay be embedded into Eg (28) 
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together with (28), Yakupov got [1] that 
in all class-2 vacuum spacetimes F,,, = 0, (29) 


then from equation (4), it follows that 1b” and 7b" commute with each other or, in other words, 
that the Ricci vector A, is a gradient. From section 3 and Yakupov’s result (11), we get 


*Co =0 (30) 
and 
"C= 2,0, "CO 2g =0, oa 1,2. (31) 


Let us pinpoint that (20) is valid for every vacuum spacetime (including the Petrov type-I), 
Conditions (30) and (31) may be extended to all Einstein spaces, the proof is not given here, 
as 


any algebraically special V4 embedded into Egmust have Fy, = 0 (32) 


and, from (8), this can be seen to imply that *Cz = 0. On the other hand, Goenner [2,42,73] 
claimed without proof that: 


*Cz = 0 in every spacetime of class two and Petrov type different from I, (33) 


however, as he recognized [74] this is only true for Einstein and vacuum spacetimes. 


§5. Applications 


The results obtained in the previous sections have applications to known metrics in GR as 
we exhibit in the following cases. 

a) The type D Schwarzschild metric [1] (Ra, = 0). 

We know [21,30,33,38,39,44,75-77] that this metric can be embedded into Eg. 

b) The type D Kerr metric (Rap = 0). 

This metric generalizes [78] the previous one and corresponds to a black hole without 
electrical charge, it cannot be embedded into Eg because, as Y 4 0 and *C2 ¥ 0, it violates 
Yakupov condition. 

c) Petrov type III vacuum metric [7]. 

The metric 


ds* = exp(x*)[earp(—22*)(da')? + (dx?)?] + 2dx3dx* — x? (x? + exp(x”))(dx*)?, (34) 


has been embedded into E7 by Collinson [25, p. 410] therefore, by condition (28) we must 
conclude that (34) is of class three 

d) The empty C metric [79,80] 

The vacuum type D metric 


ds? = (a + y)~?(f-1dz? + h-‘dy? + fdd? — hdt?), (35) 
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f=a?+art+b, h=y>+ ay —b, where a, b are constants. 

satisfies the necessary conditions (11) and (30). In [31,34] it was shown that we cannot 
embed this metric into E¢; however, Rosen [22] has explicitly embedded (35) into Eg. We still 
do not known whether the C-metric can be embedded into E7 or not. 

e) The type D Taub metric (Rap = 0). 

The line element is [1,37,80,81]: 


ds* = f—'(dx? — dt”) + f?(dy? — dz”), f=(1+ka)/?, (36) 


where the constant k #0. According to Goenner [2, p. 455] this metric is of class two, we next 
exhibit explicitly the embedding of (36) into Eg since apparently it has not been previously 
published 


= Atl +2?-1), PaAtlyPts +1), 
B=yf, ze=zf, 2=f-?cosht, 2° = f-/? sinht, (37) 
where A = 2/k — f~?/16. Therefore (36) reduces to 
ds? = (dz')? — (dz?) + (dz®)? + (dz*)? + (dz*)? — (dz®)’, (38) 


and thus the embedding into E¢ is explicit. 

f) Type D Kasner metric (Ra, = 0) [82]. 

The type D Kasner metric [37] is of class two (see [1, p. 370]). The embedding class of the 
Kasner type I (2 < class < 3, according to Goenner [2, p. 455]) is not known. 

g) The vacuum type III Siklos metric [83]. 

The explicit form of the solution is (see [1, p. 378]) 


ds? = r?x~3(dx? + dy”) — 2dudr + sod (39) 


by the condition (28) this metric cannot be embedded into Eg, but it can be embedded into 
Eg because it has the type of Robinson-Trautman (see J9 of Collinson [25]); as it is not known 
whether it is a subspace of E7 or not, we do not know either its embedding class. 

h) Held [84]-Robinson [85]. 

Held and Robinson have derived type HI metrics with Ra» = 0 whose degenerate null 
congruence has rotation, thus by (28) these spacetimes do not admit embedding into Eg. 

i) Petrov type N [7, p. 384], Ray = 0. 

The spacetimes with line element 


ds? = —2dx'dx* + sin? x*(dx)? + sin ha*(dx?)?, (40) 


are of class two as proved in J11 of Collinson [25]. 
j) Gravitational waves [1,37] (Rap = 0). 
The metric for gravitational waves along the axis x? is [86]: 


ds* = (dx)? + (dax*)? — 2da?dz* + 2H (a' 2”, 2*)(dx*)?, (41) 
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where H41 + H.22 = 0, has the Petrov type N and it can be embedded into E¢(see J8 of [25]). 

k) Hauser [87]. 

Hauser has derived a type N metric with R,, = 0 but its principal degenerate congruence 
posses rotation p — p = 0 , thus (27) does not hold and thence it is not of class two. This is 
a biparametric metric, therefore it could be embedded, depending on the values taken by its 
parameters, into some FE, with r = 7,--- , 10. 

Let us end this article pinpointing some open problems in the field which have been men- 
tioned in the text: 

1. There have not been found any-with reasonable physical sources-type I or II metrics 
embedded into Eg. 

2. The affirmation (33) has not been proved but, otherwise, not a single counterexample 
is known [88]. 

3. Condition (28) lacks an explicit proof. 

4. It is not known whether Gédel’s metric [89] can be embedded into Eg or not. 

5. No a single differential necessary condition for the embedding of V4 into Eg is known. 

6. It is necessary to analyse if for class two it is possible to obtain analogous identities to 
those valid for class one 4-spaces (obtained in [44,61,90-92]) expressing ‘bac, *bac, and Aj in 
terms of the intrinsic geometry of the spacetime. 

7. To determine if Kerr, Siklos and C metrics can be embedded into E7. 

8. To make a complete study of Petrov type D Einstein spacetimes of class two [93]. 
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Abstract In this paper, we define a new arithmetical function SL*(n), which is related with 
the famous F.Smarandache LCM function SL(n). Then we studied the properties of SL*(n), 


and solved a conjecture involving function SL*(n). 
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§1. Introduction and result 


For any positive integer n, the famous F.Smarandache LCM function SL(n) is defined as 
the smallest positive integer k such that n | [1, 2, ---, k], where [1, 2, ---, k] denotes the 
least common multiple of all positive integers from 1 to k. For example, the first few values of 
SL(n) are SL(1) = 1, SL(2) = 2, SL(3) = 3, SL(4) = 4, SL(5) = 5, SL(6) = 3, SL(7) = 7, 
SL(8) = 8, SL(9) = 9, SL(10) = 5, SL(11) = 11, SL(12) = 4, SL(13) = 13, SL(14) = 7, 


SL(15) = 5, SL(16) = 16, ------ . From the definition of SL(n) we can easily deduce that if 
n = pt'ps?---pe be the factorization of n into primes powers, then 
SL(n) = max{ptt, ps?, «+: , per}. 


About the elementary properties of SL(n), many people had studied it, and obtained some 
interesting results, see references [2], [4] and [5]. For example, Murthy [2] porved that if n be 
a prime, then SL(n) = S(n), where S(n) be the F.Smarandache function. That is, S(n) = 
min{m: n|m!, me N}. Simultaneously, Murthy [2] also proposed the following problem: 


SL(n) = S(n), S(n) An? (1) 


Le Maohua [4] solved this problem completely, and proved the following conclusion: 


Every positive integer n satisfying (1) can be expressed as 
n=12 or n=pf'ps?---porp, 


where pi, p2,°--, Pr, p are distinct primes and aj, a2, ---, @, are positive integers satisfying 


p>ps,i=1,2,---,r. 
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Zhongtian Lv [5] proved that for any real number x > 1 and fixed positive integer k, we 
have the asymptotic formula 


ig? k cj 0? x2 
S> SL(n) =5 a" So -0(=5-). 


n<a i=2 In’ 





where c; (4 = 2, 3, --- , &) are computable constants. 
OL 


Now, we define another function SL*(n) as follows: SZ*(1) = 1, and if n = pf''ps?--- pe 


be the factorization of n into primes powers, then 


SL*(n ) = min{py" ry py? ge SO ag oa M 


where py < po < -:+ < py are primes. 

About the elementary properties of function SL*(n), it seems that none has studied it yet, 
at least we have not seen such a paper before. It is clear that function SL*(n) is the dual 
function of SZ(n). So it has close relations with SZ(n). In this paper, we use the elementary 
method to study the following problem: For any positive integer n, whether the summation 


1 
2 SI a 


is a positive integer? where S- denotes the summation over all positive divisors of n. 
din 
We conjecture that there is no any positive integer n > 1 such that (2) is an integer. In 


this paper, we solved this conjecture, and proved the following: 
Theorem. There is no any positive integer n > 1 such that (2) is an positive integer. 


§2. Proof of the theorem 


In this section, we shall complete the proof of the theorem directly. For any positive integer 
n > 1, let n = pi pS? --- per be the factorization of n into primes powers, from the definition 
of SL*(n) we know that 


SL*(n) = min{p?", p9?, +++, perv}. (3) 


Now if SL(n) = p?* ( where 1 <k <r ) and n satisfy 
S- SL*(d) = WN, a positive integer, 
then let n = m-p¢* with (m, p,) = 1, note that for any dlm with d > 1, SL* (pi. - d) | m-pe*~ a 
where 7 = 0, 1, 2, ---, ax. We have 
ak 
N = 
> SE -> >a i = re 5+> lao eh 


=0 d|m i=0 d|m 
d>1 


1 
= 1+—+- =+> Day 


Dk i=0 djm 
d>1 
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or 
M- Dp Aes. 1 1 m 
-N= _ 1+—++-::: —. 4 
Yee +m" PE ( Lea tai) +2 4) 
i=0 d|m k 
d>1 


It is clear that for any d|m with d > 1, 


Ak Qp—1 
m+ pp ae 1 1 
GEM LnLY and m-p,*~ Lhe ae 5 
22 sr begets) 
d>1 


are integers, but 7 is not an integer. This contradicts with (4). So the theorem is true. This 


Pk 
completes the proof of the theorem. 


Open problem. If n = p{'p5?---p® be the factorization of n into primes powers, 


1 
whether there exists an integer n > 2 such that S- Lin) is an integer? 


d|n (n) 
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Abstract For any positive integer n and fixed integer t > 1, we define function U;(n) = 
minf{k: 1'+2'+..-+n'+tk=m,n|m, ke N*, t € Nt}, wheren € Nt,me Nt, 
which is a new pseudo Smarandache function. The main purpose of this paper is using the 
elementary method to study the properties of U;(n), and obtain some interesting identities 


involving function U;(n). 
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§1. Introduction and results 


In reference [1], A.W.Vyawahare defined the near pseudo Smarandache function K(n) as 


1 
K(n)=m= Le, +k, where k is the small positive integer such that n divides m. Then he 


studied the elementary properties of K(n), and obtained a series interesting results for K(n). 


3 2 
For example, he proved that K(n) = ale if n is odd, and K(n) = eee) 
The equation K(n) = n has no positive integer solution. In reference [2], Zhang Yongfeng 


studied the calculating problem of an infinite series involving the near pseudo Smarandache 


1 ee 
function K(n), and proved that for any real number s > —, the series yi ——— is convergent, 
2 = K8(n) 


, if n is even; 


and 





age al 2 5 
= “In2 
DL K@® Reg 


n=1 


Co 


K2(n) 108" 27 





n=1 
Yang hai and Fu Ruiqin [3] studied the mean value properties of the near pseudo Smarandache 


function K(n), and obtained two asymptotic formula by using the analytic method. They 


proved that for any real number z > 1, 





S> d(k) = yd (xm) ues ~) a jrlog Ac +0 (a log” «) : 


na n<a 
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where A is a computable constant. 


Xo(Ke) oe =) 22? +0 (a8), 





~ 2872 
where € denotes any fixed positive number. 

In this paper, we define a new near Smarandache function U;(n) = min{k: 16+2'+---+ 
nitk=m,n|m, ke Nt, te Nt}, wheren € N*t+,me Nt. Then we study its elementary 
properties. About this function, it seems that none had studied it yet, at least we have not seen 
such a paper before. In this paper, we using the elementary method to study the calculating 
problem of the infinite series 





= ib 
2d, Up (n)’ 


and give some interesting identities. That is, we shall prove the following: 


Theorem 1. For any real number s > 1, we have the identity 


> ae =) (2- > | 


where ¢(s) is the Riemann zeta-function. 





Theorem 2. For any real number s > 1, we have 


> Hoy 76 i+ 5-at2(1-5) (1-=)]: 


Theorem 3. For any real number s > 1, we also have 


(2) 


4 


, ¢(4) = mE from our theorems we may 











= 
2 Oya = $ 


Taking s = 2, 4, and note that ¢(2) = 
immediately deduce the following: 


Corollary. Let U;(n) defined as the above, then we have the identities 


=. =. 2111 
Fy U2(n) at > Uz(n) 5400" * 
1 2 


n=1 














3 1 2310671 4. > 1 4814 


Us(n) 72900000" ’ 
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§2. Some lemmas 


To complete the proof of the theorems, we need the following several lemmas. 
Lemma 1. For any positive integer n, we have 
n 
~, if 2/n, 

n, if 2fn. 
Proof. See reference [1]. 


Lemma 2. For any positive integer n, we also have 























n, if n=0O(mod 6), 
n, if n=1(mod6) or n=5(mod 6), 
Us(n) = n : 
a if n=2(mod 6) or n=4(mod 6), 
if n= 3(mod 6) 
Proof. It is clear that 
Uo(n) = minfk:17+2?4+-.-+n?+k=m,n|m,ke Nt} 
1)(2 1 
= min{k: eS i ee + k =0(mod n),k € N*}. 
(1) If n = 0(mod 6), then we have n = 6hi(hi = 1,2---), 
6 7 6 
= 72h} +18hi+hi, 
1)(2 1 5 
gif SD a anion oh es = = 
(2) If n = 1(mod 6), then we have n = 6h2 + 1( he = 0,1,2---), 
n(n+1)(Qn+1) — (6h2 +1)(6h2 + 2)(12h2 + 3) 
6 7 6 





= 12h3(6he +1) + The(6ho +1) +6h2 +1, 


(n+ 1)(2n + 1) n(n + 1)(2n + 1) 


nm 
because n | 





























F , so n | F + U9(n) if and only if n | Ug(n), then 
U2(n) =n. 
If n = 5(mod 6), then we have n = 6hg + 5( hg = 0,1,2---), 
6 7 6 
= 12h2(6h2 +5) + 23h2(6h2 +5) + 11(6h2 +5), 
1)(2 1 1)(Qn+1 
because 7 | Berea ) so n | ies X =!) + Ug(n) if and only if n | Ug(n), then 
U2(n) =n. 
(3) If n= 2(mod 6), then we have n = 6h2 + 2( he = 0,1,2---), 
n(n+1)(Qn+1) _ (6he +2)(6h2 +3)(12h2 +5) 
6 7 6 





= 12h3(6he + 2) + 11ho(6he + 2) + 2(6he + 2) + 3ho +1, 


Vol. 3 Some identities of reciprocal of the near pseudo Smarandache function 47 





n(n + 1)(2n + 1) 





so n | + Ug(n) if and only if 6ho + 2 | 3h2 + 1+ Uo(n), then Ug(n) = 
If n = 4(mod 6), then we have n = 6h2 + 4( hg = 0,1,2---), 
n(n+1)(2n+1) _ (6hg +4)(6hy + 5)(12hy + 9) 
6 ~ 6 
12h5(6h2 + 4) + 19h2(6hy + 4) + 7(6h2 +4) + 3h2 +8, 











n(n + 1)(2n + 1) 








+ Up(n) if and only if 2(3h2 + 2) | 3h2 +2 + Uo(n), then Uo(n) = ~ 








so n. | x. 
6 2 
(4) If n = 3(mod 6), then we have n = 6h2 + 3( he = 0,1,2---), 
n(n+1)(2n+1) —  (6h2+3)(6h2 + 4)(12h2 + 7) 
6 7 6 





= 12h3(6h2 +3) + 15ho(6h2 + 3) + 4(6h2 +3) + 4he + 2, 
n(n + 1)(2n + 1) 





so n.| + Up(n) if and only if 3(2h2 + 1) | 2(2h2 +2) + U2(n), then Ug(n) = z 
Combining (1), (2), (3) and (4) we may immediately deduce Lemma 2. 
Lemma 3. For any positive integer n, we have 
~, if n=2(mod 4), 
Us(n) = 2 2 ( ) 
n, otherwise. 


Proof. From the definition of U3(n) we have 





Us(n) = minfk:1°+2?+---+n?+k=m,n|m,k e Nt} 
2 1 2 
= minfk:” me Y +k = O(mod n),k € N*}. 
(a) If n = 2(mod 4), then we have n = 4h; + 2(hy =0,1,2---), 
2 +1 2 
(n+ = (any + 2)3(2hy + 1) + (Ay +.2)2(2hy +1) + (2h + D2, 
n?(n+1)? 


if and only if 2(2h, +1) | (2h1 +1)? + U3(n), then U3(n) =~. 


so 
n | 5 


(b) Ifnm = O0(mod 4), then we have n = 4ho(hg = 1,2---), 


2 1 2 
mins = 4h2(Ahg + 1)°, 
2 1 2 
so 7 | eee + U3(n) if and only if n | U3(n), then U3(n) = n. 


If n = 1(mod 4), then we have n = 4h; + 1( hi = 0,1,2---), 


2 +1 2 
mins iy" = (4hy + 1)?(2h, +1)”, 
2 1 2 
so n | ae + U3(n) if and only if n | U3(n), then U3(n) = n. 


If n = 3(mod 4), then we have n = 4h; + 3( hi = 0,1,2---), 


2 1 2 
mln FD din +3)°Chn +1), 
2 2 
uso 7 | une + U3(n) if and only if n | U3(n), then U3(n) = n. 


Now Lemma 3 follows from (a) and (b). 


48 Yu Wang No. 2 





§3. Proof of the theorems 


In this section, we shall use the elementary methods to complete the proof of the theorems. 


First we prove Theorem 1. For any real number s > 1, from Lemma 1 we have 











2 Tie) = », eu d, ne > 3 psy Ea, =«(s)( =) 
n=2h n=2h+1 


where ¢(s) is the Riemann zeta-function. This proves Theorem 1. 


For ¢ = 2 and real number s > 1, from Lemma 2 we have 

















foe) 1 foe) 1 fore) 1 foe) 1 BS 1 a ; 
2 7 ny) = n> a n\s 7 n\s + ws: 
» U3(n) & ea », ub pa (2) yy (3) py n 
iris RaueSt n=6h2+2 n=6h2+4 n=6h2+5 
hy=1 (5hi)* h2=0 (6ha a 1)° ho=0 (3h2 a yr h2=0 (2he ae 1)s 
oe) 1 aS i 





ho=0 
1 1 1 1 
co fir b-242(:-2) (0-2)], 


This completes the proof of Theorem 2. 
If t = 38, then for any real number s > 1, from Lemma 3 we have 








Co co Co co co 
Meg ee ee 
s(n) ne we my ne 
n=1 3( ) ho=1 hi =0 hi=0 (3) hi=0 
n=4h2 n=4h,4+1 n=4h,+2 n=4h14+3 





a. oS 1 oS 1 oS 1 
7 ys (4h2)s - pz, (4h; +1)* ve oy (2h, +1)* 7 3) (4h, +3)* 
LS i= i es 


1\2 
1 1- — 
+(-3) | 
This completes the proof of Theorem 3. 
Open Problem. For any integer t > 3 and real number s > 1, whether there exists a 





calculating formula for the Dirichlet series 


=e, Al 
La’ 


n=1 





This is an open problem. 
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Abstract In this paper, we define of fuzzy pseudo q-ideals and fuzzy pseudo a-ideals in 
pseudo-BCI algebra. We give several characterization and the extensive theorems about fuzzy 
pseudo q-ideals and fuzzy pseudo a-ideals. 

Keywords _ pseudo-BCI algebra, fuzzy pseudo a-ideal, fuzzy pseudo q-ideal, fuzzy pseudo 
p-ideal. 


81. Introduction 


G.Georgescu and A.Iorgulescu[1] introduced the notion of a pseudo-BC'K algebra as an 
extended notion of BC’K-algebra. In[2], Y.B.Jun, one of the present authors, gave a charac- 
terization of pseudo-BCK algebra. Y.B.Jun et al[4] introduced the notion of pseudo-ideals in 
a pseudo-BC'K algebra, and then investigated some of their properties. In [3], W.A.Dudek 
and Y.B.Jun introduced the notion of pseudo-BCT algebras as an extension of BC I-algebras, 
and investigated some properties. In this paper we consider the fuzification of pseudo a-ideal, 
pseudo q-ideal and pseudo p-ideal in pseudo-BCT algebras, and then we investigate some of 
their properties. 


§2. Preliminaries 


The notion of pseudo-BCT algebras is introduced by Georgescu and Iorgulescu[1] as follows: 
Definition 2.1. ({1]) A pseudo-BCIT algebra is a structure 8 = (X, X,*,o,0), where” =” 


” 


in a binery relation on X,” *” and” ©” are binary operations on X and ”0” is an element of 
X, verifying the axioms: 

(al) (ax y)o(x*xz)X%zxy, (voy) * (woz) xX zoy. 

(a2) rx(roy) xy, ro(x@xy) xy. 

(a3) ax a. 

(a4) a xy, ynu>Su=y. 








(ab) er xyeSerey=0Sroy=0. 
for all x,y,z € X, 


Vol. 3 On pseudo a-ideal of pseudo-BCIT algebras 51 





If 8 is a pseudo-BCT algebra satisfying « * y = xoy for all z,y € X, then XN is a BCK- 
algebra(see[1]). 

Proposition 2.2. ((2])In a pseudo-BCT algebra X, the following holds: 
pl) mxySzxyrR zea, 2OYR 720°". 
p2) txyyrz>urz. 
p 
p 


(SS) 


(wey) oz = (LOZ) *y. 


ns 


LEYRZSULOZANY. 
E*YRL, LVOYRYL. 


r*x0=x2=200. 


so 
aD 


Ke) 
ol 
So a a a Se 


TAYSU*ZRY*Z, COZA YO. 

xux(couxy)) =axyand ro(ax(roy)) =roy. 

p9) #x0>c=0. 

Proposition 2.3. ((6])In a pseudo-BCT algebra &, the following holds for all 2, y € X: 
(i) Ox(a@oy) X you. 


( 
( 
( 
( 
( 
( 
( 
( 
( 


(ii) Oo(axy) Xy*a. 
(iii) Ox (waxy) = (O02) 0(0*y). 
(iv) Oo(xoy) = (0* x) * (Voy). 


§3.Fuzzy pseudo q-ideal 


In what follows, let 8 denote a pseudo-BCT algebra unless otherwise specified. 

Definition 3.1. (({5]) A fuzzy set 2: ® — [0,1] is a fuzzy pseudo-ideal of § if and only if 
it satisfies, 

(i) w(0) 2 (a), Vae X. 

(ii) w(x) 2 minfu(z*y), wy}, VayeX. 

(iii) (a) > min{u(acb), p(b)}, Vabe x. 

Lemma 3.2. ((3]) Let be a fuzzy pseudo-ideal of X. If a X y, then p(x) > p(y). 

Theorem 3.3. ({5]) A fuzzy set ys is a fuzzy pseudo-ideal of 8 if and only if it satisfies: 

(i) Va,y,2EX, oxy xX z= p(x) > min{ ply), u(z)}- 

(ii) Va,b,c€ X, aobxc=> pla) > min{ pd), u(c)}. 

Defintion 3.4. A fuzzy set ju is called a fuzzy pseudo q-ideal in ® if, 

(11) u(xoz) = min{ u(eo(y*z)),u(y)}, V2,y,2€ X. 

(12) p(a*c) > mint u(ax* (boc)), w(b)}, Va,b,c Ee X. 

Lemma 3.5. Every fuzzy pseudo q-ideal is fuzzy pseudo-ideal. 

Proof. Since js is fuzzy pseudo q-ideal. Putting z = 0 in (J1) and c=0 in (J2), we have, 


u(x) > mint p(xoy),w(uy)}, pla) > min{ p(a x b), u(d)} 


Thus p is fuzzy psuedo-ideal of X. 
Definition 3.6. A fuzzy set yu is fuzzy pseudo sub algebra of ® if; 
(i) n(woy) = mint u(x), uy)}, Vaz,y eX. 
(ii) u(a * b) > min{ p(a), u(b)}, Va,b eX. 
Theorem 3.7. A fuzzy pseudo q-ideal of 8 is a fuzzy pseudo sub algebra of X. 
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Proof. If 4: be a fuzzy pseudo gq-ideal, putting z = y in (11) and b = c in (12), we have, 


w(xoy) = min{ u(x), u(y)}, pla*b) > min{ y(a), 1(d)}- 


This complete the proof. 
Theorem 3.8. Let ~ be a fuzzy pseudo-ideal of 8. Then the following are equivalent, 
(i) is a fuzzy pseudo q-ideal of X. 
(ii) u((a%b) oc) > p(ao(b*e)) and p((eoy) *z) > ples (yo2)). 
(ili) u(woy) 2 w(xo(O*y)) and p((a*b) 2 u(ax (008)). 
Proof. (i) = (di). Since pu is a fuzzy pseudo q-ideal of 8, we have 


tu((a * b) oc) = mint p((a* b) o (0 *c)), u(O)} 


= p((a * b) o (0 *c)), 7 
on the other hand, 
(ab) o(0«c) = (ab) o((boc) *b) < a0 (b*e). 
Therfore, 
[ao (b* c)) < w((a* b) o (0 *c)). (2) 


frome (1) and (2), we have, 
u((a* b) oc) > plac (bx*c)). 


Similarly, since ys is fuzzy pseudo q-ideal, we have, 


p((a oy) * 2) > ming p((woy) * (00 z)),u(0)} 
= p((2oy) * (002). 


we have, 
(coy) *(00z) =(xoy) «((y*xz) oy) <2 (yor). 
Hence 
u(x * (yoz)) < w((2oy) * (0 * z)). 
Then, 


u((woy) *z) > w(x * (yoz)). 
(it) > (itt). Letting y = 0 and z = y in (J1) and b=0 and c= b in (12). 
(itt) => (2). We have, 


(xo (O*y)) *(wo(z*y)) X (z¥y) ory) Xz 


and 

(a * (00b)) * (a * (cob)) X (cob) * (006) Xe. 
Then we have, 

w(x (O*y)) = mint u(xo(z*y)), uz), 
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and 
(a (006)) > ming pas (co) , ulc)}- 
Therefore by hypothesis, 


u(xoy) > mint u(ro(z*y)) , w(z)}, 


and 
p(axb) > min{ wax (cod) , p(0)}. 


Hence yp is a fuzzy pseudo q-ideal of X. 

Theorem 3.9. Let 4 and v be fuzzy pseudo-ideals of &, such that u < v and (0) = v(0).If 
Lu is a fuzzy pseudo q-ideal of 8, then so v. 

Proof. For any z,y,a,b € X, by Theorem3.8, we want to show that, 


Vixoy) >v(ao(Oxy)) and v(axb) > v(ax(00))). 


Putting, s = 7o(0*y), then (1 *s)o(O0*y) =0. 
Hence, 

u((a * 8) © (0 * y)) = w(0) = (0). 
Since yz is a fuzzy pseudo q-ideal of 8 and using Theorem3.8, 


p((a * 8) oy) > ula s) (0*y)) = (0). 


Thus 
u((z* s)oy) > w((w*s) oy) > (0) 2 (3), 


since v is a fuzzy pseudo-ideal we have, 
v(@oy) > min{ v((a * y) > s),v(s)} =v(s) =v(ao (0 * y)). (3) 
Putting t = a * (006) then (aot) *(00b) =0. 
Hence, 
u((a ot) * (0ob)) = 40) = v(0). 
Since uz is a fuzzy pseudo q-ideal of 8 and using Theorem 3.8, 


p((aot) *b) > p((act) *(006)) = v(0). 


Thus 
v((aot) *b) > u((aot) * b) > v(0) > v(t), 


since v is a fuzzy pseudo-ideal we have, 
v(a x b) > min{v((a b) * t), v(t)} = v(t) = v(a * (000)). (4) 


Frome (3), (4) and Theorem3.8, v is a fuzzy pseudo q-ideal of . 
This complete the proof. 
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§4.Fuzzy pseudo a-ideal 


Definiton 4.1. A fuzzy set py is called a fuzzy pseudo a-ideal in X if, 


(13) p(yor) > min{ w((x* z)o(O*y)), w(z)}, Va,y,z EX. 
(14) p(b* a) > min{ p((aoc) *(00b)) , w(c)}, Va,b,cE X. 
Theorem 4.2. Any fuzzy pseudo a-ideal is a fuzzy pseudo-ideal. 
Proof. Since py is fuzzy pseudo a-ideal then we have, 


H(yoa) = mintu((x * z) o(0*y)), H(z)}, 
(bx a) > min{u((aec) * (00), u(O)}, 


putting y = 0 and b= 0, then we have, 


u(Ooa) > min{ paz), uz}, (5) 


u(O*a) 2 min{ u(acc) ,u(c)}, (6) 
putting z = y = 0 in (J3), and c= b=0 in (J4), it follows that, 
wOoxr) > w(x) and p(O0*a) > uO), (7) 


putting z = x« = 0 in (J3), and c=a=0 in (4), we have, 


L(y) = w(0o (O*«y)) = w(O*y) = min{ uly oz), u(z)}, 


and 
f(b) = w(0 * (00 b)) 2 u(0.ob) = min{ u(b * c), u(c)}- 


Then p(y) = mint u(y oz), u(z)} and pu(b) > min{ pu(b * c), u(c)}, 
for all x,y, z,a,b.c € X. Then p is a fuzzy pseudo-ideal of X. 
The proof is complete. 
Theorem 4.3. Let ~ be a fuzzy pseudo-ideal of 8. Then the following are equivalent: 
(i) 4 is a fuzzy pseudo a-ideal of . 
(ii) u(b«(aoc)) > W(aoe) *(00d)) and p(yo(a*z)) > w((e*z)o(0y)). 
(ili) u(you) 2 u(xo(O*y)) and p((b* a) 2 u(a* (008)). 
Proof. (i) => (di). Suppose that jz be a fuzzy pseudo a-ideal of &, we have, 


(yo (a * 2) > min{u(((# * z) * 8) o (0 *y)), H(s)}, 


y(b* (a¢)) > min{yul(((ae c) ot) * (00b)), u(t}. 


We write s = (x4 * z)o(0* y) and t = (aoc) * (006). Then 
((a* z) * 8)o(O*y) = ((x*z)o(0*y)) *5 =), 


and 
((aoc) ot) * (006) = ((aoc) * (00b)) ot =0, 
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then we have, 


uly o (x * z) > min{ u(0), u(s)} = w(s) = u(x * z) o (0*y)), 


and 
y(b (aoc) > ming (0), n(t)} = w(t) = w((aee) * (Oy). 


(ii) > (ii). Letting z = 0 and c = 0 in (ii), we obtain: 

u(you) > w(xo(O*y)), w(b*a) > ulax (Oy). 
(iti) > (i). Since, 

(ao (Ox y)) o((a*z)o(O*y)) Xao(ax*z) Xz, 


and 
(a* (00b)) * ((aoc)* (Oy) Xax(acoc) xc 


Then we have, 
ure (O*y)) = min{u((x* z)o(O*xy)) , u(z)}, 


and 
pla * (0ob)) > min{u((aoc) *(0ob)) , u(c)f. 


from condition (iti), we have, 


u(yox) > w(xo(O*y)) > min{u((x *« z)o(O*y)) , u(Z)}, 


and 
u(b* a) 2 pla (00b)) = min{u((aoc) *(00b)) , u(c)}. 


Hence yp is a fuzzy pseudo a-ideal of X. 

Theorem 4.4. Let py be a fuzzy pseudo-ideal of &, then yu is a fuzzy pseudo a-ideal of & 
if and only if it satisfies the following conditions: 

(i) u(y) 2 H(Oo(O*y) and pu(b) > w(0o (0 *d) Vy, bE X. 

(ii) w(~@oy) > w(xo(O*xy) and p(axb) > u(ao(0x*b) Va,y,a,b € X. 

Proof. Assume that p is a fuzzy pseudo a-ideal of 8. Seting x = 0 and a = 0 in Theorem 
4.3 (iti). We get, 

u(y) 2 w(0o(O*«y) and pu(b) > u(0o (0 *d), 


since 
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Then by Theorem 3.3: 


HO (Do (yo(O*x)))) = min{u(x o (0 *y)), w(0)} = uw o (0 *y)), 
uly > (0* 2) > w(09(00(yo(0*2)))) > wae (Oxy), 
Applying Theorem 4.3 (iti), we have, 
u(xoy) 2 u(yo(0*x)) > p(xo(0*y)). 


Similarly, we have, 


Then by Theorem 3.3 (iz), 


(0 * (0 (b (00)))) > min{ w(a* (06b)),u(0)} = ula * (0.5). 
u(b* (0oa)) > p(0* (0 * (b* (00 a))) > p(ax (00))). 


Applying Theorem 4.3 (iii), we have, 
p(ax* b) > p(b* (00a) > p(ax (00))). 


Conversely, suppose js be a fuzzy pseudo-ideal satisfies(i) and (iz). In order to prove that pu is 
a fuzzy pseudo a-ideal of &, from Theorem 4.3, we want to show that, 


w(yor) 2 p(xo(O*xy)) and p(b*a) > pax (00d)), 


for all a,b,a,y € X. By(ti), we have, u(aoy) > u(uao(0* y)). Since 0 * (you) X roy, by 
Theorem 3.3, we get u(0* (you)) > w(xoy) > u(ao(0*y)). Thus: 


LO * (0* (you))) > w(O* (your)) > p(xo (O*y)). 


Applying(z), we get 
u(y oa) > w(0* (0* (you))) > u(xo(0*y)). 


Similarly, we can get p(b* a) > u(a* (00b)). Therefore py is a fuzzy pseudo a-ideal of &. This 
complets the proof. 

Definion 4.5. A fuzzy set p is called a fuzzy pseudo p-ideal in X if, 

(15) w(x) 2 min{ pw((e*z)o(y*z)), My}, Vay,zEX. 

(16) p(a) > min{ u((acc) * (boc)), u(b)}, Va,b,c Ee X. 

Theorem 4.6. Every fuzzy pseudo p-ideal is a fuzzy pseudo-ideal of ¥. 
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Proof. Let 4: be a fuzzy pseudo p-ideal of 8. Put z = 0 in (J5) and c = 0 in (J6), we get, 


w(x) = ming w(xoy),u(y)} and pla) = mint p(a* bd), u(d)}. 


Thus p is a fuzzy pseudo-ideal of X. 
Lemma 4.7. A fuzzy pseudo-ideal of 8 is a fuzzy pseudo p-ideal if and only if, 


u(x) 2 m(0o(O*2)) and pa) > w(0* (0a) 


for all z,ae xX. 

Theorem 4.8. Any fuzzy pseudo a-ideal is a fuzzy pseudo p-ideal. 

Proof. Let ys be a fuzzy pseudo a-ideal of 8. Then p is a fuzzy pseudo-ideal. Setting 
x=z=0 and a=c=(0 in Theorem4.3, then we have 


u(y) 2 w(0o(O*y)) and  p(b) > u(0* (00d)). 


Frome Lemma4.7, jz is a fuzzy pseudo p-ideal. 

Theorem 4.9. Any fuzzy pseudo a-ideal is a fuzzy pseudo q-ideal. 

Proof. Let ~ be a fuzzy pseudo a-ideal of 8. Then yz is a fuzzy pseudo ideal. In order to 
prove that py is a fuzzy pseudo q-ideal, from Theorem4.4(iz), it suffices to show that 


wxoy) 2 w(xo(O*y)) and p(a*b) > p(a* (00d)), 


we have: 


o(0o(yo(0*))))o (xo (0*y)) 

« ((0 * y) * (00(00(0* x)))) o (ao (0 * y)) 
(O« (Ox y)) *(Ox2r))o(xo(Oxy)) 
xo(0*y)) o(xo(0*y)) 


I 


en 
S 


Hence, 


u(00 (Oo (yo(0*x)))) > u(wo (O*y)), (8) 


and we have, 


* (bx (0a)))) * (a * (00b)) 

0 b)) * (0 * (0 * (0oa))) * (a* (006)) 
0.0b)) * (00a)) * (ax (005b)) 
0ob)) x (a * (005)) 


0 
0 


° 
Z~ Da Da sn 
Oo 


Then 


1(0 * (0 * (bx (00a)))) > ula * (006)). (9) 
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By Theorem 4.8, is a fuzzy pseudo p-ideal and by Lemma4.7, we have, 


u(yo(Oxa)) > u(0o (Ox (yo(0*x)))), 


and 
p(b* (0oa)) > u(0* (00 (bx (0¢a)))). 


By Theorem 4.4 (ii), 

w(xoy) 2 myo (0* x), (10) 
and 

u(a* b) > u(b* (00a). (11) 
From (8), (9) and (10), (11), we have, 


u(xoy) = w(yo(0*x)) > u(0>o(0* (yo (0*x)))) > u(xo (0*y)), 


and 
p(a x b) > p(b* (00b)) > (0 * (0 * (b* (00a)))) > u(ax (008)). 


Therefore yz is a fuzzy pseudo q-ideal of X. 

Theorem 4.10. let ~ be a fuzzy pseudo-ideal of &, js is a fuzzy pseudo a-ideal if and only 
if it is both a fuzzy pseudo p-ideal and a fuzzy pseudo q-ideal. 

Proof. If 4 is a fuzzy pseudo a-ideal, then yz is a fuzzy pseudo p-ideal and a fuzzy pseudo 
q-ideal by Theorem 4.8 and Theorem 4.9. We want to show 


u(you) > w(wo(O*y)) and p(b*a) > w(a* (00b)). 


By Theorem 4.3 (¢i7) and Theorem 4.4 (7), 


w(xoy) 2 p(xo(O*y)) and p((a*b) > p(a* (00d). 


Hence 

(Oo (y*x)) > w(xoy) = p(xo(O*y)), 
and 

(0 * (bo a))) = ula b) > p(a* (00d)). 


Since yz is a fuzzy pseudo p-ideal by Lemma 4.7, 
w(yo) > w(00(0*(yo2))) and p(b*a) > p(0* (0 (b*a))). 


since p is a fuzzy pseudo-ideal, then, 
u(0o(y*2)) < w(0o(O*(yor))) and p(0*(boa)) < u(0* (00 (b*a))), 
we have 
Lyon) = p(0o(0«(yox))) > u(0o(y*x)) > u(xoy) = w(xo (O*y)), 


and 
p(b*x a) > p(0*« (00 (b*a))) > w(0* (boa)) > (ax b) > p(ax (000)). 


Thus, pu is a fuzzy pseudo a-ideal, by Theorem4.3(iii), completing the proof. 
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Abstract For any positive integer n, we call an arithmetical function f(n) as the 
F.Smarandache multiplicative function if f(1) = 1, and if n > 1, n = pf'pz?---pe* be 
the fractorization of n into prime powers, then f(n) = max. {f(p$*)}. The main purpose of 
this paper is using the elementary methods to study the solutions of an equation involving 


the F.Smarandache multiplicative function, and give its all positive integer solutions. 


Keywords F.Smarandache multiplicative function, function equation, positive integer sol- 


ution, elementary methods. 


81. Introduction and result 


For any positive integer n, we call an arithmetical function f(n) as the F.Smarandache 
multiplicative function if f(1) = 1, and if n > 1, n = pi pS?---pe* be the fractorization of 
n into prime powers, then f(n) = max {f(p;')}. For example, the function S(n) = min{m : 

seh 


m € N, n|m!} is a F.Smarandache multiplicative function. From the definition of S(n), it is 


easy to see that if n = p{'p5?---py* be the fractorization of n into prime powers, we have 
S(n) = max {5(p;'")} 


So we can say that S(n) is a F.Smarandache multiplicative function. In fact, this function be 
the famous F.Smarandache function, the first few values of it are S(1) = 1, S(2) = 2, $(3) = 3, 
S(4) = 4, $(5) = 5, S(6) = 3, S(7) = 7, S(8) = 4, S(9) = 6, S(10) = 5, ------ . About 
the arithmetical properties of S(n), some authors had studied it, and obtained some valuable 
results. For example, Farris Mark and Mitchell Patrick [2] studied the upper and lower bound 
of S(p%), and proved that 


(p= Dati s Sip") s @= Die+ T+ logo) +1. 


Professor Wang Yongxing [3] studied the mean value properties of Sn), and obtained a sharper 
asymptotic formula, that is 





Ys) = 5 ! o( e ): 


In? x 
n<x 
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Lu Yaming [4] studied the solutions of an equation involving the F.Smarandache function S(n), 
and proved that for any positive integer k > 2, the equation 


S(my + me + +++ + mp) = S(m1) + S(me2) +--+ + S'(mx) 


has infinite groups positive integer solutions (m1, m2,-+-+ , mx). 
Jozsef Sandor [5] proved for any positive integer k > 2, there exist infinite groups of positive 
integer solutions (m1, m2,--- ,m) satisfied the following inequality: 


S(my + me +--+ +mg) > S(m1) + S(me2) +--+ + S(me). 
Also, there exist infinite groups of positive integer solutions (m1, me2,--: ,m) such that 
S(my + me +-+-+ mg) < S(m1) + S(me2) +--+ + S(me). 


In [6], Fu Jing proved more general conclusion. That is, if the positive integer k and m satisfied 
the one of the following conditions: 

(a) k > 2 and m > 1 are all odd numbers. 

(b) k > 5 is odd, m > 2 is even. 

(c) Any even numbers k > 4 and any positive integer m; 

then the equation 


m-S(my +m +++: +m) = S(m1) + S(m2) +--+ + S(me) 


has infinite groups of positive integer solutions (m1, ma,---: , mx). 

In [7], Xu Zhefeng studied the value distribution of S(n), and obtained a deeply result. 
That is, he proved the following Theorem: 

Let P(n) be the largest prime factor of n, then for any real numbers x > 1, we have the 
asymptotic formula: 


3 
2 


3) > 22 
Y(Sin) - Pm? == GI" 59 (= : (1 


where ¢(s) is the Riemann zeta-function. 

On the other hand, if n = pf'p5?---p?* be the fractorization of n into prime powers, we 

define 
SL(n) = man py", 057). °** > Be” }. 

Obviously, this function is also a Smarandache multiplicativa function, which is called 
F.Smarandache LCM function. About the properties of this function, there are many scholars 
have studied it, see references [8] and [9]. 

Now, we define another arithmetical function S(n) as follows: S(1) = 1, when n > 1 and 


if n = p{'p5?---pe* be the fractorization of n into prime powers, then we define 


S(n) =max{a1p1, A2P2, A3p3, -*- , Ape}. 


It is easy to prove that this function is also a F.Smarandache multiplicative function. About 
its elementary properties, we know very little, there are only some simple properties mentioned 
in [7]. That is, if we replace S(n) with S(n) in (1), it is also true. 
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The main purpose of this paper is using the elementary methods to study the solutions of 
an equation involving $(n). That is, we shall study all positive integer solutions of the equation 


S~ S(d) =n, (2) 


d|n 


where ¥. denotes the summation over all positive factors of n. 
d|n 
Obviously, there exist infinite positive integer n, such that S- S(d) > n. For example, let 
d|n 
n =p be a prime, then S- S(d)=1+p>p. At the same time, there are also infinite positive 
d|n 

integer n, such that S~ 5(d) Ste 

In fact, let n en p and q are two different odd primes with p < gq, then we have 


S— S(d) = 1+p+2q < pq. So a natural problem is whether there exist infinite positive 
d|n 
integer n satisfying (2)? We have solved this problem completely in this paper, and proved the 


following conclusion: 
Theorem. For any positive integer n, the equation (2) holds if and only if n = 1, 28. 


§2. Proof of the theorem 


In this section, we shall complete the proof of the theorem. Firstly, we prove some special 
cases: 


(i) Ifn =1, > S(d) = S(1) = 1, then n = 1 is a solution of equation (2). 
din 
(ii) If mn = p® is the prime powers, then (2) doesn’t hold. 


In fact, if (2) holds, then from the definition of S(n), we have 


S > S(d) = $6 S(d) =1+p+2pt---+ap=p*. (3) 
d| 


|p 


Obviously, the right side of (3) is a multiple of p, but the left side is not divided by p, a 
contradiction. So if n is a prime powers, (2) doesn’t hold. 

(iii) If > 1 and the least prime factor powers of n is 1, then the equation (2) also doesn’t 
hold. Now, if n = pip$?---pp* = pin satisfied (2), then from the conclusion (ii), we know 
that k > 2, so from the definition of S(n), we have 


S>5(a) = > Bld) + Sy pid) = 2 > Bld) +1 — 1 = pam. (4) 
d| 


d|ny d|ny d|ny 


Obviously, two sides of (4) has the different parity, it is impossible. 

We get immediately from the conclusion (iii), if n is a square-free number, then n can’t 
satisfy (2). 

Now we prove the general case. Provided integer n > 1 satisfied equation (2), from (ii) and 


(iii), we know that n has two different prime powers at least, and the least prime factor power 
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of n is larger than 1. So we let n = pf" ps? ---pe*, a1 >1, k > 2. Let S(n) = ap, we discuss it 
in the following cases: 

(A) a= 1. Then p must be the largest prime factors of n, let n = nzp, note that, if d|ny, 
we haveS(d) < p—1, so from S- S(d) =n we get 


d|n 
mp = n=). S(d)= > > S(d)+>_ S(dp) 
d|nip d|n4 d|ny 
= >) S5(d)+>>p<14+ 5 > (-1)+pd(n) 
d\n d|ny d|ny 
d>1 
= 2+4(2p—1)d(n) —p (5) 
or 
ny +1 < 2d(ny), (6) 


where d(n,) is the Direchlet divisor function. Obviously, if ny > 7, then 2 < n, < 6. It is also 
because the least prime factors power of n, is bigger than 1, we have n; = 4, and n = nip = 4p, 
p > 3. Now, from 





4p = §_ S(d) = S(1) + S(2) + S(4) + S(p) + S(2p) + S(4p) = 142444 3p, 
d\4p 


we immediately obtain p = 7 and n = 28. 
(B) S(n) = ap and a > 1, now let n = ni p%, (1, p) = 1, if n satisfied (2), we have 


n= pny = S- S- S(p'd). 
i=0 d|ny 
If 1 <n < 8, we consider equation (2) as follows: 
(a) Ifn, = 2. That is, n = 2p°(p > 2), from the discussion of (iii), we know that n = 2p 
isn’t the solution of (2). 
(b) If ny = 3. That is, n = 3p%, since (m1, p) = 1, we have p 4 3. 
If p= 2,n =3-2® satisfied (2). That is 


S> S(d) = $5 Sd) + S¢ (3d) =2 $0 S(d) +3 =3- 2%. 


d|3-2 aj2~ aj2~ d|2¢ 


In the above equation, 2 5> $(d) +3 is an odd number, but 3- 2° is an even number, so 
dj2“ 
n = 3- 2° is not the solution of (2). 


If p > 3. That is, n = 3-p® satisfied (2), then the least prime factor powers of n is 1, from 
(iii), we know that n = 3- p® is not the solution of (2). 
(c) Ifn, =4, n=4-p%(p > 3), we have 


S> S(d) = S_ S(d) + S- S(2d) + S~ S(4d). 


d|4-p* d|p* d|p* d|p 
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If p= 3. That is, n = 4- 3° satisfied equation (2), then 


S> S(d) = 55 S(d) + 55 S(2d) + $7 S(4d) = 3 $7 S(d) + 12 = 4-3. 


d|4-3¢ d|3° d|3° d|3¢ d|3« 
d>1 
Since 3? | 3 5> S(d), and 3? | 4- 3%, then 3? | 12, this is impossible. 
d|3“ 
d>1 


If p> 3. That is, n = 4- p%, then 


S> B(@) = 32 5(d) + ST B(2d) + 7 B(4d) = 3 SQ) +8 = saa ietiiaee 
d|4-p~ 


d|p* d|p d|p* d|p* 





or 4-3% — 3a(a+1)p+11=0. Now we fix a, and let f(z) = 4-2% — fa(at+1)r+11, if x > 3, 
f(a) is a increased function. That is, 


f(a) > f(3) =4-3% — 5a(a+ eee ce 


So when x > 3, f(x) = 0 has no solutions, from which we get if p > 3, then equation (2) has 
no solutions. 

(d) Ifn, =5, we have n= 5- p*(p #5). 

If p > 5, then from (iii), we know that n = 5- p® is not a solution of equation (2). 

If p = 2, since 


S> S(d) = 55 S(d) + 5° S(5d) =2 5° S(d) +10 =5-- 2°, 


d|5-2% d|2¢ d|2e dj2~ 
d>1 


where 2? | 2 >> S(d), and 2? | 5- 2%, so we have 2? | 10, this is impossible. Hence n = 5 - 2° 
dj2e 
d>1 

unsatisfied the equation (2). 


If p = 3, since 


> S(d) = 55 S(d) + 5° S(5d) =2 5° S(a) +6, 


d|5-3% d|3e d|3¢ d|3e 


where 2 )> S(d) +6 is even, and 5- 3° is odd, so n = 5 - 3% unsatisfied the equation (2). 
d3° 
(e) When n, = 6, n = 2-3- p%, from the discussion of (3), n unsatisfied (2). 
(f) When ni = 7, we have n =7-p*(p #7). 
If p > 7, then from (iii), nm = 7- p® isn’t the solution of (2). 
If p = 2, we must have a > 4. Since 
S> Sd) = 56 Sa) + So 87d) = 250 S(d) +15, 
d|7-2° dj2« d|2¢ dj2“ 


where 2 5> S(d) + 15 is odd, but n = 7- 2% is even. Son = 7-2 unsatisfied (2). 
dj2° 
If p = 3, since 


S> Sd) = S5 Sa) + $6 S(7d) = 250 Sd) + 13, 


d|7-3% d|3° d|3° d|3° 
d>1 
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in above equation, 3 | 2 5> S(d), and 3 | 7- 3°. If it satisfied (2), we must obtain 37 13, a 
d|3° 
d>1 

contradiction! So n = 7 - 3° is not a solution of (2) either. 


If p = 5, since 


S> S(d) = 35 Sa) + 5 S(7d) = 257 Sad) +8, 


d|7-5° d|5% d|5° d|5° 


in the above equation, 2 3> S$(d) +8 is even, 7-5° is odd. So n = 7-5*% is not a solution of (2) 


d|5° 
either. 
(g) When n; > 8, we have n = n1 - p® and p* > aor) y, then 
Se 1 
S- S(d) < S(p*)d(nip*) = a(a + 1)pd(n1) < oe Dom < pn, =n, 


d|ni-p* 


then if n, > 8, n = n1p® is not a solution of (2) either. 
In a word, equation (2) only has two solutions n = 1 and n = 28. 
This completes the proof of the theorem. 
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Abstract We show the usefulness of the hypervirial theorem to obtain the matrix elements 
(m|e~7%"|n) for the Morse potential. Besides, it is known that the hydrogenlike atom can 
be studied as a Morse oscillator, then here we prove that these fact leads to an interesting 
method to calculate (nlo|r*|nls) for the Coulomb interaction. 
Keywords Hypervirial theorem, coulomb and Morse potentials, langer transformation, 
matrix elements. 


81. Introduction 


In [1] it was applied the hypervirial theorem (HT) to determine matrix elements for the 
one-dimensional harmonic oscillator, here we shall employ the HT to obtain (m|e~7“|n) for 
the Morse field [2]. An important aspect of the HT is that it not need explicitly the wave 
function, it uses only the potential V and the corresponding energy levels En. In Sec. 2 the HT 
permits: a). to show that (mle~%|n) = (mlje~2%|n) , b). to calculate (m|u|n) and (mle~7™|n), 
y = 3,4---, if we know (mle~°%|n), G = 1,2. The Sec. 3 has the general expressions of [3,4] 
for (mle~7"|n), with the comment that yet [5] it is not verified the total equivalence between 
the result of [3] and the associated relation of [4]. 

For the hydrogenic atom its radial wave function —g,; depends of the principal (n) and 
orbital (1) quantum numbers, which are associated to eigenvalues for energy and angular mo- 
mentum, respectively. Lee [6] showed that the Langer transformation [7] permits to study a 
non-relativistic hydrogenlike system as a vibrational Morse oscillator (MO), such that n gives 
the parameters of the Morse well and / determines an energy level in these well. In Sec. 4 we 
exhibit this result of Lee. 

In according with [6] the function g, is proportional to the corresponding (MO) wave func- 
tion, which means that the matrix elements (nlo|r®|nlz) of the hydrogenic atom are equivalent 
to (No|e~1™|Ni), y =k+2, of its MO. Thus the knowledge on Morse matrix elements can be 
used to determine (r*) for the Coulomb potential. In Sec. 5 we apply this approach to obtain 
(nlg|r*|nly), k = integer > —2, without factorization techniques [8,9] as in [10]; we reproduce 














as particular cases the elements (nl|r* \nl), k = +1, +2, deduced analytically by Landau-Lifshitz 
[11]. 
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§2. Hypervirial theorem 


One aim of our work is the calculation of matrix elements for the Morse potential: 
(mle(r)in) = [anf ena (1) 


1 

where —wy, is the radial wave function satisfying the Schrédinger equation (in natural units 
r 

m=h=1): 


d2 
Geen + 2[|E, —V(r)|\vn = 0. (2) 


The analytical procedure employs the explicit formulae of 7, and f(r), and it makes 
directly the integral (1); however, in [1] we see that the HT evaluates (1) [for the harmonic 
oscillator] without the explicit form of the wave function. The Schrédinger equation has all 
information on our quantum system, and the HT has a part of these information which permits 
to study (1) without the explicit use of wy. 

From (2) it is easy to obtain the HT [1]: 


1 
(Em — En)?(mn| fin) + 3 (mal f""/ in) + (Em + En) «(mal fn) — 2(on FV |r) — (on f°V"In) 
=0, (3) 
: d 
where the prime means —. We note that, in general, (3) ask us to know the energy spectrum 


- 
corresponding to potential V(r). Here we consider the Morse interaction [2,12] which represents 
an approximation to vibrational motion of a diatomic molecule. 


V(r) = Die 7 —2e-™), w=r—rp, (4) 
2 
2 
En = —SP, b=k—2n—-1, k= —V2D, 
a 


such that D is the dissociation energy (well depth), ro is the nuclear separation, and a is 
a parameter associated with the well width, being 5 V2D the frequency of small classical 
vibrations around 1ro. 

Now we shall make examples for particular functions f(r) to illustrate how the HT (3) 
gives information on matrix elements. 

I. f(r) =r—10. 

Then from (3) and (4) we deduce that: 


2aD(mle—™ — e728 |n) = (Em — En)? (mun), (5) 


with two cases: 
a). M=n. 


Thus (5) implies an identity for diagonal elements: 
(nje~|n) = (nje~*™|n), (6) 
and we observe that here (6) was obtained without the explicit knowledge of w,, and En: In 


1 
Sec. 3 we shall employ the formulae of [3,4] to show (6) with (nje~“|n) = rau —2n—1), which 
was demonstrated by Huffaker-Dwivedi [9] with the factorization method. 
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b). m<n. 
The relation (5) leads to: 


(mlu|n) = 2aD(Em — En)~?(mle~% — e7 7% |n), (7) 


which means that all elements (m|u|n) are determined if we know (mje~°*|n), 8 = 1,2. From 


the expressions of [3,4] we have the values for m < n: 





(mle~*"|n) = 


1 
(-1)"*™ bybon!T(k = n) 2 
by =k-2n-1, by =k-2m—-1 
k mIT(k — n) om i ies : (8) 


(mle~22"[n) = = [(m + 1)(k — n) — m(k — m ~1)] (mle~*"{n), 





where I denotes the gamma function, then (7) and (8) imply the result: 





(mun) = =[(m—n)(k—n—m)]-t, m<n (9) 


deduced analytically by Gallas [13] without the HT, he uses explicitly w, and the following 


non-trivial identity: 


mIT(k 
mT (k — 











m) i (n—-m4j—DT(k-n-—m+j-1) = 
aoe We [(n—m)(k—m—m—1)}, (10) 
in this work we not need (10). The equation (6) also is consequence from (8) when m =n. In 
[8] it is proved (9) via ladder operators. 

IL. f(r) = e~74"-70), y = 1,2,--- 

Therefore from (3) and (4) we obtain that: 





[Em E,)* 4 c + y70?(Em +,)| (mle~7"I") — 2y7Da?(1 +7). (11) 
(mje OF2%In) + 2yDa?(1 + 27)(mle~O+M*In) = 0, 
thus, by example, if y = 1 the (11) gives us: 
(Em — En)? + . +a7(Em+ En) (mle~%|n) — 4Da? - (mle3@|n) + 
6Da?(mle~|n) = 0, (12) 


and if we put (4) and (8) into (12) it results the relation: 








(mle |n) = kf (n+ 1) n) (e+ 2008 n+1)—m(k-—m-—1)} 4 
Ze (m — 1)(k — m—1)(k— m—2)} (mle In), (13) 


besides it also can be deduced from expressions of [3,4]; (13) shows that (m|e~°*"|n) is deter- 
mined if we have the elements (8), which too give us (mle~**“|n) when y = 2 into (11), etc., 
then it is evident the usefulness of the HT. 


Vol. 3 Matrix elements for the morse and coulomb interactions 69 





§3. Matrix elements (e77) 


Here we exhibit general formulae for (mle~7@"-"0) |n), y = 1,2,--+ In fact, Vasan-Cross [3] 
use analytical techniques to determine these elements, obtaining thus the following expression 


form <n: 


(mje"7"|n) 


evan bem) De ee ee 
ky niT(k — n) ] giy—1—girtk—m—J) 


I 











, (14) 





which permits to verify (6) and (8). On the other hand, Berrondo et al [4] employ the rela- 
tionship between Morse potential and the two-dimensional harmonic oscillator to deduce the 


corresponding relation: 


(mje~™"|n) 


(-1)™n by bem!n! 
fh 


iF 








ky k —m)I(k — n) 
S m-n+y-1 n—-m+y-1 \ T(k-n-1+7-3) (15) 
j=0 j 2 aot Coe (m— 3)! 


which also reproduces (6) and (8), that is, we have the equality of (14) and (15) for 7 = 1,2, 
however, yet it is an open problem [5] to show that both expressions are totally equivalent for 


any ¥. 


84. Hydrogenlike atom as a Morse oscillator 


Here we exhibit the result of Lee [6]: The motion of an electron into the Coulomb field 
generated by a nucleus with charge Ze, is equivalent to the vibrational dynamics of a MO. 
1 
It is very well known [11] that the radial wave function —g,, satisfies the Schrédinger 
r 


equation (in natural units h = m = 1): 








1fd +1) Ze? _ Ze? (16) 
2 | dr? r2 oa dnegro™ a 3217 e2n? ae 
where n = 1,2,--- and! =0,1,--- ,n—J. Now the quantities r, gn; are changed to u, Wy via 
the Langer transformation [6,7]: 
r=bnte", g ie wn(u) (17) 
= ’ nl N ’ 
[bn (1+ 4)]2 
. ATE9 
with b= , then (16) adopts the form: 
Ze? 
1 d? —2u —u 
wn + Did —2e")un = Evy, (18) 


2 du 
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which is the Schrédinger equation for a MO [3,9] with parameters: 


2 


2 
a=l, D=-, k= £V2D = 2n, 
a 








N=n-I-1, E ae 2N fee Gel) (19) 
ee = aan a ae oe 


2 
thus each n generates one MO with width a = 1, depth D = - and vibrational frequency 


sv 2D = = Finally, the value of 1 determines the eigenstate Wy, N = n—1—1, with energy 
T T 


1 i? 
| ene (ee eee 
5 ('+5) 


§5. Matrix elements for the Coulomb potential 
Other aim of our work is the calculation of the matrix elements: 
(nla|r* |nly) a | Gnlot® Int, ar, k = integer > —2. (20) 
0 


The factorization method [8-10] calculates (20) using ladder operators for the proper states gyl; 
the analytical approach [11] employs the explicit expression of g,; and determines directly the 
integral (20). Here we apply the Langer transformation [6,7] to obtain (20) via the relationship 
between the Coulomb and Morse interactions. 

In fact, if we put (17) into (20): 


1 
= ~ ~ 1 1 2 
(nla|r*|nly) = n2ktipk (4 + 5) (1 + 5)| (Nole—™|N1), (21) 


with Nj; =n—1, -1,j7 =1,2 and y= k+2= 0,1,2,---, which means that any r* for the 
Coulomb potential is proportional to a matrix element of the corresponding MO. The elements 
(e—7™) are determined in (14): 


- (HL) Ni+42 [ibe NloP(k — No)]? 
(Nole7™|Ni) = ky | NuT(k — Ni) . 
(-1)T(M +7—- J) P(k- M+ 7-3) 

j(No-7I(kK-Ne- HT (Y-39) ? 





No 





(22) 





where b. = k —-2N.—1, c= 1,2, and without loss of generality we have accepted Ni > No 
(that is lz >1, ). Then (21) and (22) with & = 2n imply the exact expression: 


: (—Dat+2 fin\* [(n—b—D\n+b)!]? 
(nla|r°[n) = 2n ( 2 ) i ly —1)!'(n4l , 

















 . Ii(ntk—l—j)l(n+k 


jn b—- jn +h —\k+1—D)! : (23) 





which is not explicity in the literature, and it is more simple than the corresponding relation 


deduced in [10] using factorization techniques. Special applications of (21) and (23) are: 
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a). k= —2. 
In this case ~ = 0, then from (21) it is immediate the proportionality: 


(nla|r®|nty) x (No|N1) = dn,Np; (24) 


therefore only if 1; = lz we have (r~?) 4 0, which is the result of Pasternack-Sternheimer 
mentioned in [10]. 
b). b=b=1,k=+1,42. 
The general expression (23) reproduces easily the following particular examples of Landau- 
Lifshitz [11]: 














= ee oe 
oT ey (7) = 5[8n° — Ul + 1), 
Gh = ae Gp mm fon? + 1 —31(1+ 1)}. (25) 
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Abstract A subgroup H of a group G is said to be s*—supplemented subgroups in G if 
there exists a subgroup K of G such that G = HK and HN K < Hsca, where Hgcq is the 
largest subnormal subgroup of G contained in H. In this paper we determine the structure 
of finite groups with s*—supplemented primary subgroups,and obtain some new results about 
p— nilpotent groups. 
Keywords P-—nilpotent groups, primary subgroups, s*—supplemented subgroups, solvable 


group. 


81. Introduction 


A subgroup H of a group G is said to be supplemented in G, if there exists a subgroup K 
of G such that G = HK. Furthermore, a subgroup H of G is said to be complemented in G 
if there exists a subgroup K of G such that G= HK and HN k =1. It is obvious that the 
existence of supplements for some families of subgroups of a group gives a lot of information 
about its structure. For instance, Kegel [1-2] showed that a group G is soluble if every maximal 
subgroup of G either has a cyclic supplement in G or if some nilpotent subgroup of G has 
a nilpotent supplement in G. Hall[3] proved that a group G is soluble if and only if every 
Sylow subgroup of G is complemented in G. Arad and Ward [4] proved that a group G is 
soluble if and only if every Sylow 2-subgroup and every Sylow 3-subgroup are complemented in 
G. More recently, A. Ballester-Bolinches and Guo Xiuyun[5] proved that the class of all finite 
supersoluble groups with elementary abelian Sylow subgroups is just the class of all finite groups 
for which every minimal subgroup is complemented.Yanming Wang|6] defined a new concept, 
c—supplementation, which is a generalization of c—-normality and complement. Applying it, the 
supersolvablity of G and some related results were got. In 2003, Zhang Xinjian, Guo Wenbin 
and Shum K. P.[7] defined another concept: s—normal subgroup, which is a generalization of 
normality and c—normality. 





1 This research is supported by the Natural Science Foundation of Guangxi autonomous region (No. 0249001). 
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In this paper,we remove the c—supplement condition and replace the c— normality as- 
sumption with s— normality assumption for the some primary subgroups of G, We obtain a 
series of new results for the p— nilpotency of finite groups. 

Definition 1.1. We say a subgroup H of a group G is s*—supplemented (in G) if there 
exists a subgroup K of G such that G= HK and HN K < Hse, where Hggq is the largest 
subnormal subgroup of G contained in H.We say that K is an s*—supplement of H in G. 

Recall that a subgroup H of a group G is called s—normal in a group G if there exists 
a subnormal subgroup K of G such that G = HK and HN kK < Hge,where Hgg is the 
largest subnormal subgroup of G contained in H. It is easy to see that suppose H is an 
s*—supplemented subgroup of G, K is an s*—supplement of H in G. If kK =G, then H must 
be a subnormal subgroup of G. 

All groups considered in this paper are finite.Our notation is standard and can be found in 
[8] and [9]. We denote that G is the semi-product of subgroup H and K by G = [H]|K, where 
HA is normal in G. 

Let F be a class of groups. F is a S—closed if any subgroup K of G is in F when Ge F. 
We call ¥ a formation provide that (1) if Ge F and H IG, then G/H € F, and (2) if G/M 
and G/N are in F, then G/M N is in F for normal subgroups M and N of G. A formation 
F is said to be saturated if G/®(G) € F implies that G € F. As we all know, the class of all 
p—nilpotent groups is a saturated formation. 


§2. Preliminaries 


For the sake of easy reference, we first give some basic definitions and known Results from 
the literature. 

Lemma 2.1. Let G be a group and N a normal subgroup of G. Then the following 
statements hold. 

(1) If H < M < Gand H is s*—supplemented in G, then H is s*—supplemented in M. 

(2) If N is contained in H and H is s*—supplemented in G if and only if H/N is 
s*—supplemented in G/N. 

(3) Let a be a set of primes. If N is a normal z’—subgroup and let A be a 7—subgroup of 
G, if A is s*—supplemented in G then AN/N is s*—supplemented in G/N. If furthermore N 
normalizes A, then the converse also hold. 

(4) Let H < Gand L < 6(H). If L is s*—supplemented in G, then Ld dG and L < ®(G). 

Proof. (1) If HkK = G with HN K < Hse, then M = MONG = A(MOK) and 
HN(KOM)< HsqaNM < Hs. So H is s*—supplemented in M. 

(2) Suppose that H/N is s*—supplemented in G/N. Then there exists a subgroup K/N 
of G/N such that G/N = (H/N)(K/N) and (H/N) 1 (K/N) < (H/N) sian). It is easy to see 
that G= HK and HN K < Hgq. 

Conversely, if H is s*—supplemented in G, then there exists kK < G such that G= HK 
and HN K < Hq. It is easy to check that K.N/N is s*—supplemented of H/N in G/N. 

(3) If A is s*—supplemented in G, then there exists kK < G such that G = AK and 
AN K < Age. Since |G|y = |K|x = |K Nx, we have that |AM Al,z, = |N|q = |N| and 
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hence N < K. It is clear that (AN/N)(K/N) = G/N and (AN/N)N(K/N) = (AN K)N/N < 
(AsgN/N) < (AN/N)s(g/n). Hence AN/N is s*—supplemented in G/N. 

Conversely, assume that AN/N is s*—supplemented in G/N. Let K/N be s*—supplement 
of AN/N. Then AK = ANK = G and (AN K)N/N < L/N = ((AN)/N) gan). By 
hypothesis, NA = N x A. This means NA is a both 7—nilpotent and 7—closed and A, = ANL 
hence L = A; x N with Ay = AN L and A; <<G. Now we have AN K < A; < Agg and A is 
s*—supplemented in G. 

(4) In fact, if L is s*—supplemented in G with supplement K, then LK = Gand LN K < 
Lsq. Now H=HNG=L(HOK)=HOK since L < ®(H). Therefore L=(HNK)NL= 
(HOL)OK =LNK < Lgg and hence L = Lgg and LA <G. If L £ ®(G), then there exists a 
maximal subgroup M of G such that LM =G. Now H=HNG=L(HNM)=HANM <M. 
Therefore G= ILM < HM < M <G, a contradiction. 

Lemma 2.2.((14]) Let F be an S—closed local formation and H a subgroup of G. Then 
Hn Zx(G) ¢ Zr (H). 

Lemma 2.3.([11,Lemma 4.1]) Let p be the smallest prime dividing the order of the group 
H and P a Sylow p—subgroup of H. If |P| < p? and H is Ay—free. then H is p—nilpotent. 

Lemma 2.4. Let G be an A4—free group and p be the smallest prime dividing the order 
of the G. If G/L is p— nilpotent and p* not dividing the order of the subgroup L, then G is 
p— nilpotent. 

Proof. By hypothesis and lemma 2.3, We know that L is p—nilpotent and L has a normal 
p—complement Ly .Since Ly, char L and L is normal in G, We have that Ly, <G. Therefore 
G/L & (G/L,)/(L/L,)is p—nilpotent. There exists a Hall p’—subgroup (H/L,)/(L/Lp’) of 
(G/Ly)/(L/Lp) and H/Ly <G/L,. By Schur-Zassenhaus Theorem, we have that H/L, = 
[L/Ly]H/Ly, where H,/L, is a Hall p'—subgroup of H/L,. Then by lemma 2.3, we have 
Hy /Ly 3 H/Ly and so Hi/L,y char H/L, <G/L,y. Therefore H,/L, << G/L, and hence 
G/L, is p—nilpotent. Thus G is p—nilpotent. 

Lemma 2.5.([13]) Suppose that G is a group which is not p—nilpotent but whose proper 
subgroups are all p—nilpotent. Then G is a group which is not nilpotent but whose proper 
subgroups are all nilpotent. 

Lemma 2.6.([13]) Suppose that G is a group which is not nilpotent but whose proper 
subgroups are all nilpotent. Then 

1) G has a normal Sylow p—subgroup P for some prime p and G/P & Q,where Q is a 
non-normal cyclic g—subgroup for some prime q # p. 

2) P/®(P)is a minimal normal subgroup of G/®(P). 

3) If P is non-abelian and p # 2, then the exponent of P is p. 

4) If P is non-abelian and p = 2, then the exponent of P is 4. 

5) If P is abelian, then P is of exponent p. 

Lemma 2.7.({12]) Let K be a subgroup of G. If |G: K| = p, where p is the smallest 
prime divisor of |G|, then K IG. 

Lemma 2.8.((15]) Let P be an elementary abelian p—group of order p”, where p is a 
prime. Then |Aut(P)| = ky» p"-)/?, here ky = [T]7_,(p* — 1). 


Lemma 2.9. Let G is a group which is not p—nilpotent but whose proper subgroups are 
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all p—nilpotent. N <G and P is a normal Sylow p—subgroup of G. If G/N is p—nilpotent, 
then P< N. 

Proof. By Lemma 2.6, we have that G = PQ, where Qo is a non-normal cyclic Sy- 
low q—subgroup. If P is not a subgroup of N,by p—nilpotenty of G/N, there exists a nor- 
mal p—complemente, QN/N say, here Q is a Sylow q—subgroups of G, such that G/N = 
(PN/N)(QN/N). Now we have QN < G since P is not a subgroup of N, then QN is nilpotent 
by Lemma 2.5 and Q char QN, furthermore Q@ 3G. a contradiction.thus P < N. 

Lemma 2.10.([9;10.1.9]) Let p be the smallest prime dividing the order of the finite 
group G. Assume that G is not p—nilpotent. Then the Sylow p—subgroups of G are not cyclic. 
Moreover |G| is divisible by p? or by 12. 

Lemma 2.11.([12]) Let G be a finite group, P is a p—subgroup of G but not a Sylow 
p—subgroup of G, then P < Ng(P). 


§3. Main results 


Theorem 3.1. Let G be an A,—free group and p be the smallest prime dividing the order 
of the group G. If there exists a normal subgroup N in G such that G/N is p—nilpotent and 
each subgroups of N of order p? is s*—supplemented in G, then G is p—nilpotent. 

Proof. Assume that the claim is false and choose G to be a counterexample of minimal 
order. 

By Lemma 2.4 and hypothesis, we have |N|, > p?. Let L be a proper subgroup of G. We 
prove that conditions of the theorem 3.1 is inherited by L. Clearly, L/L A N = LN/N < G/N 
implies that L/L N is p—nilpotent. If |LM Nl, < p?, then L is p—nilpotent by Lemma 
2.4. If |LM N|, > p?, then each subgroup of LM N of order p” is s*—supplemented in G and 
hence is s*—supplemented in L. Then LF is p—nilpotent by induction. Thus G is a minimal 
non-p—nilpotent group. Now Lemma 2.5 implies that G is a group which is not nilpotent but 
whose proper subgroups are all nilpotent. Then by Lemma 2.6, we have G = PQ, where PIG 
and Q is a non-normal cyclic Sylow q—subgroup of G. It is clear that P/®(P) is a minimal 
normal subgroup of G/®(P). 

By Lemma 2.9, we have P < N. Let A < N and |A| = p?. By hypothesis, there exists a 
subgroup K of G such that G= AK and AN K < Aga, where Agg is the largest subnormal 
subgroup of G contained in A. If K < G, We have kK = K, x K, since that G is a group which 
is not nilpotent but whose proper subgroups are all nilpotent. 

(i) If A, =1, then P = A and hence G is p—nilpotent, a contradiction. 

(ii) If K, A 1, then we consider subgroup Ng(K,). Since K < Ng(K,) and Kk, < 
Nea(Kp), we have that |G : Ne(K,)| = p or Ne(K,p) = G. If |G : Ne(K,)| = p, then we 
have Ne(K,) < G. Let P}) = PI Ne(K,), Then P; IG since G = PQ and Q < Ne(K;,). 
If P) < ®(P), then P=PN ANG(K,)=A(P MN Ne(Kp))=A, a contradiction. IfP, £ ®(P), 
then P,®(P)/®(P)=P/®(P) by Lemma 2.6. In this case, P=P, and hence Ng(K,)=G, a 
contradiction. If|G : Ng(K,)| = 1, then K, < G. We consider the factor group G/K,. Since 
G = AK and |A| = p, we have p? { |G/K,|. By lemma 2.4, G/K,is a p—nilpotent and P < Ky, 
we know P = K,. Furthermore, we have G= AK = K via A < K, < K, a contradiction. 
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Now we let K = G. It is easy to see AG. By A < P, we have A®(P)/®(P) < P/®(P). 
Furthermore, A®(P)/®(P) < P/®(P), where P/®(P) is either a minimal normal subgroup or 
characteristic subgroup of G/®(P). So we have A®(P)/®(P) < G/®(P) and A C ®(P) or 
A= P. If A= P, then |A| = |P| = p? and |N|, < p? here because P < N, a contradiction to 
|N|\, > p?. If A C ®(P), considering A be a arbitrary abelian group, we have ®(P) > P, hence 
®(P) = P, a contradiction. 

The final contradiction completes our proof. 

Corollary 3.2. Let G be an A,-free group and p be the smallest prime dividing the 
order of the group G. If each subgroup of G of order p? is s*—supplemented in G, then G is 
p—nilpotent. 

Theorem 3.3. Suppose that G is a group with a normal subgroup H such that G/H 
is p—nilpotent for some prime divisor p of |G|. If every cyclic subgroup of H of order 4 is 
s*—supplemented in G and every subgroup H of order p is contained in Z(G), where F is the 
class of all p—nilpotent groups, then G is p—nilpotent. 

Proof. Assume that the claim is false and choose G to be a counterexample of smallest 
order. 

The hypothesis is inherited by all proper subgroups of G. Then K/K OH = KH/H < 
G/H implies that K/K MH is p—nilpotent. Every cyclic subgroups of K MH of order 4 is 
s*—supplemented in K by Lemma 2.1. Every subgroup of H 1 K of order p is contained 
in KN Zr(G) < Zr(K) by Lemma 2.2. Thus G is a minimal non-p-nilpotent group. Now 
Lemma 2.5 implies that G is a group which is not nilpotent but whose proper subgroups are all 
nilpotent. Then by Lemma 2.6, G has a normal Sylow p—nilpotent subgroup P and G/P = Q, 
where Q is a non-normal cyclic Sylow g—subgroup of G, P/®(P) is a minimal normal subgroup 
of G/®(P). We consider the follow cases. 

Case 1. P is abelian. By Lemma 2.6, P is an elementary abelian p—group. Since G/H is 
p—nilpotent, we have P < H. By hypothesis, every subgroup of H of order p is contained in 
Z(G), then P < Z(G) and hence G is p—nilpotent, a contradiction. 

Case 2. P is non-abelian and p > 2. By Lemma 2.6, the expotent of P is p and every 
subgroup of H of order p is contained in Zr(G). Therefore P < Z(G) and we have that G is 
p—nilpotent, a contradiction. 

Case 3. P is non-abelian and p = 2. Let A be a cyclic subgroup of H of order 4. By 
hypothesis, A is s*—supplemented in G and there exist a subgroup L of G such that G = AL 
and ANL < Agg. Since L < Gand Lis nilpotent, we have L = Lpx Ly. If Lp = 1, then P= A 
and P is abelian subgroup. a contradiction. Now we have L, # 1 and we consider Ng(L,). 
Since L < Ng(Lp), we have that |G: Ng(Lp)| = 2 or |G: Ne(Lp)| = 1. If |G: Ne(Lp)| = 2, 
then Ng(Lp) dG by Lemma 2.7 and hence G is 2-nilpotent, a contradiction. If |G : Ne(Lp)| = 1, 
then L, 1G. Since P/®(P) is the minimal normal subgroup of G/®(P), we have P=L, or 
Ly < ®(P). If P=L,, then L = G since G = AL, a contradiction. If L, < ®(P), then 
P=AL,=A, a contradiction. 

Now we let K = G. It is easy to see ACG. By A < P, We have A®(P)/®(P) < P/®(P). 
Furthermore, A®(P)/®(P) < P/®(P), where P/®(P) is either a minimal normal subgroup or 
characteristic subgroup of G/®(P).So we have A®(P)/®(P) < G/®(P) and A C ®(P) or 


78 Yingwu Xu and Shirong Li No. 2 





A= P. If A=P, then |A| = |P| = p? and |N|, < p? here because P < N, a contradiction to 
|N|p > p?. If A C ®(P), considering A be a arbitrary abelian group, we have ®(P) > P, hence 
®(P) = P, a contradiction. 

The final contradiction completes our proof. 

Corollary 3.4. Let G be a group and p be the prime devisor of |G|. If every cyclic 
subgroup of order 4 is s*—supplemented in G and every subgroup H of order p is contained in 
Z(G), where F is the class of all p—nilpotent groups, then G is p—nilpotent. 

Theorem 3.5. Let G is a group and (|G|,21) = 1. If each subgroup of G of order 8 is 
s*—supplemented in G, then G is 2-nilpotent. 

Proof. Assume that the theorem is false and choose G to be a counterexample of smallest 
order. Let 2° be the order of a Sylow 2-subgroup P of G. 

If 24 |G|, then G is 2-nilpotent. If P is cyclic, then G is 2-nilpotent by Lemma2.10. So we 
can suppose that P is not cyclic. Let L be a proper subgroup of G. We prove that LD inherits 
the condition of the theorem. If 8 { |Z|, then L is 2-nilpotent by Lemma 2.3. If 8||Z|, then 
each subgroup of L of order 8 is s*—supplemented in G and hence is s*—supplemented in L 
by Lemma 2.1, so L is 2-nilpotent by induction. Thus we may assume that G is a minimal 
non-2-nilpotent group. Now Lemma 2.5 implies that G is a group which is not nilpotent but 
whose proper subgroups are all nilpotent. Then by Lemma 2.6, we have G = PQ, where P isa 
normal in G and Q is a non-normal cyclic Sylow g—subgroup of G(q # p), P/®(P) is a minimal 
normal subgroup of G/®(P). 

Let H be a subgroup of G of order 8. By hypothesis, there exists a subgroup K of G such 
that G= HK and HNK < Hsqa, where Hggq is the largest subnormal subgroup of G contained 
in H. 

First, we claim that H # P. Otherwise |P| = |H| = 8. If ®(P) ¥ 1, then G/®(P) 
is 2-nilpotent by Lemma 2.3 and hence G is 2-nilpotent and P < ®(P) by Lemma 2.9, a 
contradiction.It follows from ®(P) = 1 and Lemma 2.6 we have that P is an elementary 
abelian 2-group. Next we consider N¢(P)/Ce(P). It is clear that N¢(P)/Ce(P) is isomorphic 
to a subgroup of Aut(P). By Lemma 2.8 we have |Aut(P)| = 8-7-3. Since (|G|,21) = 1, we 
see that Nc(P) = Ce(P) in this case. Then, by Burnside Theorem(cf,[2]), we have that G is 
2-nilpotent, a contradiction. 

If K < G and G is a group which is not nilpotent but whose proper subgroups are all 
nilpotent, we have K is nilpotent and K = Kp x Ky. We claim that Ko 4 G. Otherwise, 
if Ko IG, then P = Kp or Ko < ®(P). If P = Ko, then H < Ky. We have G = K by 
G = HK. This shows that P = Kg is impossible. If Kp < ®(P), then P = HKy = H, 
a contradiction.Therefore, we note subgroup Ng(Ko). Since K < Ng(K2) and Lemma 2.9, 
we have Ky < Np(K2) and |G: Ne(K2)| = 4 or |G: Ne(Ko)| = 2. If |G: Ne(K)| = 2, 
then Ng(K2) is a nilpotent normal subgroup of G by Lemma 2.7 and G is 2-nilpotent, a 
contradiction. If |G : Ng(K2)| = 4, then we consider Ne(Ne(K2))2). If (Ne(K2))2 IG, then 
G/(Ne(K2))2 is 2-nilpotent by Lemma 2.3 and we have that P < (N@(K2))2, a contradiction to 
IG: Ng(Ko)| = 4; Since (Ng(K2))2 < Np(Ne(K2))2) by Lemma 2.11, We may assume that |G : 
Ne((Ne(K2))2)| = 2. By Lemma 2.7 we know that Ne((Ne(K2))2) dG. Since Ne((Ne(K2))2) 
is a nilpotent normal subgroup of G, we know that G is 2-nilpotent, a contradiction. 
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If K = G, we have H= HOG=HOK < Hea, that is, H = He and H<A<G. It is 
clear that H < P. So we claim H®(P)/®(P) < P/®(P), where P/®(P) is either a minimal 
normal subgroup or a character subgroup of G/®(P). Furthermore, H®(P)/®(P) I G/®(P). 
Because H # P, we have H C ®(P) = Z(P). Notice H is arbitrary, we have ®(P) > P, that 
is, ®(P) = P, a contradiction. 

The final contradiction completes the proof. 
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Abstract For any positive integer n, the Smarandache LCM dual function S.L*(n) is defined 
as the greatest positive integer k such that [1, 2, --- , k] divides n. The main purpose of this 
paper is using the elementary method to study the number of the solutions of two equations 
involving the Smarandache LCM dual function SL*(n), and give their all positive integer 
solutions. 
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§1. Introduction and results 


For any positive integer n, the famous F.Smarandache LCM function SL(n) is defined as 
the smallest positive integer k such that n | [1, 2, ---, k], where [1, 2, --- , k] denotes the 
least common multiple of all positive integers from 1 to k. That is, 


SL(n)=min{k: ke N, n|[1, 2, ---, Al}. 


About the elementary properties of SZ(n), many people had studied it, and obtained some 
interesting results, see references [1] and [2]. For example, Murthy [1] proved that if n is a 
prime, then SL(n) = S(n), where S(n) = min{m: n|m!, m € N} be the F.Smarandache 
function. Simultaneously, Murthy [1] also proposed the following problem: 


SL(n) = S(n), $(n)#n? (1) 
Le Machua [2] solved this problem completely, and proved the following conclusion: 


Every positive integer n satisfying (1) can be expressed as 


1 2 


n=12 or n=pj'ps?-:- pep, 


where pj, po, °°:, Pr; p are distinct primes and aj, a2, ---, @, are positive integers satisfying 
p>p,,i=1, 2,---,r. Zhongtian Lv [3] proved that for any real number x > 1 and fixed 


positive integer k, we have the asymptotic formula 
2 


Tw k Cj, x? x? 
YSU) = 35 nat Dy te tO (gee) 


a 
n<a i=2 Ine 
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where c; (¢ = 2, 3, --- , &) are computable constants. 
Now, we define the Smarandache LCM dual function SZ*(n) as follows: 


SL*(n) = max{k: ke N, [1, 2, ---, k] | n}. 


It is easy to calculate that SL*(1) = 1, SL*(2) = 2, SL*(3) = 1, SL*(4) = 2, SL*(5) = 1, 
SL*(6) = 3, SL*(7) = 1, SL*(8) = 2, SL*(9) = 1, SL*(10) = 2, ---. Obviously, if n is an 
odd number, then SL*(n) = 1. If n is an even number, then SL*(n) > 2. About the other 
elementary properties of SL*(n), it seems that none had studied it yet, at least we have not 
seen such a paper before. In this paper, we use the elementary method to study the number 
of the solutions of two equations involving the Smarandache LCM dual function S'L*(n). For 
further, we obtain all the positive numbers n, such that 


SSL*(d)=n (2) 
d\n 
or 
S> SE*(d) = o(n), (3) 
d\n 


where S denotes the summation over all positive divisors of n. That is, we shall prove the 
dln 
following two conclusions: 


Theorem 1. The equation (2) has only one and only one solution n = 1, and :> SL*(d) > 
d|n 
n is true if and only if n = 2, 4, 6, 12. 


Theorem 2. The equation (3) is true if and only ifn = 1, 3, 14. 


§2. Some lemmas 


To complete the proofs of the theorems, we need the following lemmas. 

Lemma 1. (a) For any prime p and any real number x > 1, we have p®” > «+1, and the 
equality is true if and only ifx=1, p=2. 

(b) For any odd prime p and any real number 2, if « > 2, then we have p* > 2(a + 1); If 
x > 3, then we have p® > 4(” + 1). 

(c) For any prime p > 5 and any real number x > 2, we have p® > 4(a + 1). 

(d) For any prime p > 11 and any real number x > 1, we have p* > 4(a + 1). 

Proof. We only prove case (a), others can be obtained similarly. 

Let f(z) = p* —ax—-1,ifx>1, then 


, 


f (a) =p" mp—1>plne? -1=5-121, 


That is to say, f(a) is a monotone increasing function if x € [1, oo). So f(x) > f(1) = 0, 
namely p* > a+ 1, and p* = 4(a + 1) is true if and only if e = 1, p = 2. This complete the 
proof of case (a). 

Lemma 2. For all odd positive integer number n, 
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(a) the equation d(n) = ¢(n) is true if and only if n = 1, 3; 

(b) the inequality 8d(n) > ¢(n) is true if and only if n = 1, 3, 5, 7, 9, 11, 13, 15, 21, 27, 
33, 35, 39, 45, 63, 105, where d(n) is the divisor function of n, ¢(n) is the Euler function. 

Proof. Let H(n) = weak then the equation d(n) = ¢(n) is equivalent to H(n) = 1 and 
8d(n) > d(n) is equivalent to H(n) < 8. Because d(n) and ¢(n) are multiplicative functions, 
hence H(n) is multiplicative. Assume that p, q are prime numbers and p > q, then H(p) = 





PEt a4 = H(q). On the other hand, for any given prime p and integer k > 1, we have 


k+l . z 
ie = pit) > E42 > 1. Hence if k > 1, then H(p'+*) > H(p*). 


Because 





H(1) =1, H(3) =1, H(5) =2, H(7) =3, H(11) =5, H(13) =6, H(17) =8>8, 


AF )\=o. Hie \= * > 8, H(77)=14>8, H(11’) = “ > 8, A138") = 52 > 8; 
9 
(3°) = 9? 
4 54 
H(3*) = a > 8. 
We have H(1) = 1, A(3) = 1, A(5) = (7) = 3, H(9) = 2, H(11) = 5, A(13) = 
6, H(15) = A(3)H(5) = 2, H(21) = oe a) = 3, HO? = AG). = 3, H(33) = 
AUS Al) = 5, 435) = F(a) = 6, 239) = A(aAs).=—6,. 2145) = A378) = 
4, H(63) = H(3’)H(7) =6, H(105) = H(3)H(5)H(7) = 6. 
Consequently, for all positive odd integer number n, H(n) = 1 is true if and only if n = 1, 3; 


the inequality H(n) < 8 is true if and only if n = 1, 3, 5, 7, 9, 11, 13, 15, 21, 27, 33, 35, 39, 45, 
63, 105. 


This completes the proof of Lemma 2. 


§3. Proof of the theorems 


In this section, we shall complete the proof of the theorems. First we prove Theorem 1. It 
is easy to see that n = 1 is one solution of the equation (2). In order to prove that the equation 
(2) has no other solutions except n = 1, we consider the following two cases: 

(a) m is an odd number larger than 1. 

Assume that n = p{'p5?--- ps, where p; is an odd prime, p; < po <--: < ps, a; > 1, 
t=1, 2,---, s. In this case, for any d|n, dis an odd number, so SL*(d) = 1. From Lemma 1 
(a), we have 








S > SL*(d) = $01 = d(n) = (a1 + 1)(a2 +1)-++ (as +1) < pM py? + pee =n 
d|n 


(b) n is an even number. 


Assume that n = 2%pf' ps? --- pes = 2%-m, where p; is an odd prime, pi < po <-+: < Ds, 
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a, >1,i=1,2,--- ,s. In this case, 


ord). = so S > SL* (2d) 
d|n 


i=0 d|m 
< baa a — (24-97 en On) 
i=0 d| 
= (2%+? _ 2)d(m) < 2%. 4d(m). (4) 
(i) If ps > 11, from Lemma 1 (a), we have 
A4d(m) = (a1 +1)(azg +1)-+-4(ag +1) < pips? -+- pes =m. 


Associated with (4) we have s. SL*(d) <n. 
dln 
ii) If there exists i, 7 € {1, 2, ---, s} andi #7 such that a; > 2, a; > 2, then from Lemma 


1 (a), we have 
4d(m) = (a1 +1)---2(ag +1)-+-2(aj +1)---(ag +1) < pf --- pf --- pit -- pfs =m. 


Associated with (4) we have S- SL*(d) <n. 
d\n 
(iii) If there exists 7 € {1, 2, --- , s} such that a; > 3, then from Lemma 1 (a), we have 


4d(m) = (a1 +1)---4(a; +1)-++(@s 41) < pP ++ pets pfs =m. 


Associated with (4) we have s SL*(d) <n. 
d\n 
(iv) If there exists i € {1, 2, ---, s} such that pj; > 5, a; > 2, then from Lemma 1 (a), we 
have 
Ad(m) = (a1 +1)---4(a; +1)-+-(as +1) < p++ pe ++ pfs =m. 
Associated with (4) we also have S- SL*(d) <n. 
din 
From the discussion above we know that if n satisfies the equation (2), then m has only seven 
possible values. That is m € {1, 3, 5, 7, 9, 15, 21}. We calculate the former three cases only, 
other cases can be discussed similarly. 
If m= 1, namely n = 2°(a > 1), then 


S > SL*(d) = 2 S © SL*(2*d) 


dln i=0 dll 
= SL*(1)+9L*(2) + SL*(2?) + +--+ 9L*(2%) 
= 142424---+2=20+1. 


a=1, 2, namely n = 2, 4. In this case, 2a +1 > 2%, so 2 SL*(d) >n. 
d\n 
a > 3. In this case, 2a + 1 < 2%, so S > SL*(d) <n. 
d|n 
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If m = 3, namely n = 2-3, (a > 1), then 


Yona = 3 S| SL* (2d) 





d|n i=0 d|3 

= S SL*(d)+ 5) SL*(2d) + 5° SL*(2?d) + +--+ > SL*(2d) 
d|3 d|3 d|3 d|3 

= 24+54+6+-:-+6=6a+1 


a = 1, namely n = 6. In this case, 64+ 1 = 7 > 2-3, so S- SL*(d) >n. 
d|n 
a = 2, namely n = 12. In this case, 62 + 1 = 13 > 2? -3, . S- SL*(d) > n. 
d\n 
a > 3. In this case, 2a +1 < 2%, so S> SL*(d) <n. | 
If m=5, namely n = 2° -5, (a >i then 


)SL*(d) = 3 S > SL*(2*d) 


d\n i=0 d|5 

= SUSE") +>) SE*(2d) + >} SE*(2?d) +--+ }> SE*(2%d) 
d|5 d|5 d|5 d|5 

= 24+4444---4+4=4042. 





For any a > 1, we have 4a +2 < 2%-5, so S > SL*(d) <n. 
dln 
If m = 7,9, 15, 21, using the similar method we can obtain that for any a > 1, S- SL*(d) < 


d|n 
n is true. 


Hence the equation (2) has no positive even integer number solutions, and S- SL*(d) >n 


dln 
is true if and only if n = 2, 4, 6, 12. 


Associated (a) and (b), we complete the proof of Theorem 1. 
At last we prove Theorem 2. From Lemma 2, it is easy to versify that n = 1, 3 are the 


only positive odd number solutions of the equation (3). Following we consider the case that n 
is an even number. 


Assume that n = 2°-m, where 2 + m. In this case, 


S > SL*(d) =3°¥ SI*(2a (2'd) < yy 
d\n i=0 d|m d|m 
= (2+2?4.---+2°1)d(m) = (29+? — 2)d(m) < 2°" - 8d(m), 
and 9(n) = 4(2%m) = 9(2°)4(m) = 2°-!4(m). Let 
S = {1, 3, 5, 7, 9, 11, 18, 15, 21, 27, 33, 35, 39, 45, 63, 105}. 
From Lemma 2, if m ¢ S, then ¢(m) > 8-d(m), consequently 


S 0 SL*(d) < 2°71. 8d(m) < 2°" (m) = on). 
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Hence if n satisfies the equation (3), then m € S. We only discuss the cases m = 1, 7, other 
cases can be discussed similarly. 
If m=1, namely n = 2°(a > 1), then 


a 


S > SL*(d) = 95> S_ SL*(2*d) 


dln i=0 dll 
SL*(1) + SL*(2) + SL*(2”) + --- + SL*(2%) 
= 142424---+2=2a+41 


l| 


and ¢(n) = $(2%) = 2°1, 2 ¢ (2a +1), but 2|/2°~1, hence if m = 1, then the equation (2) has 
no solution. 
If m = 7, namely n = 2°-7, (a > 1), then 


a 


S> SL*(d) = 5 >" SL*(2'd) 


d|n i=0 dl|7 

= S SL*(d)+ 5) SL*(2d) + 5° SL*(2?d) + +--+ > SL*(2%d) 
d\7 d\7 d\7 d\7 

= 244444.--44=4a42, 





and $(n) = ¢(2°- 7) = 2°"! - 6, Solving the equation 4a + 2 = 2°~!-6, we have a= 1. That 
is to say that n = 14 is one solution of the equation (3). 

Discussing the other cases similarly, we have that if n is an even number, then the equation 
(3) has only one solution n = 14. 

This completes the proof of Theorem 2. 
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Abstract In this paper, we consider an impulsive model of mutualism of Lotka-Volterra 
type which involves interactions among a mutualist-competitor, a competitor and a mutualist. 
The species grow in a periodically changing environment with instantaneous changes in the 
population densities. The mathematical model is described by a periodic-impulsive differential 
equations. A monotone-iterative scheme is established for finding the periodic solution of the 
model, a set of easily verifiable sufficient conditions are obtained for the existence of at least 
one strictly positive periodic solutions. 

Keywords Impulsive differential equations, competitor-competitor-mutualist system, peri- 


odic solution, monotone iteration. 


80. Introduction 


In recent years, applications of impulsive differential equations in mathematical ecology 
have developed rapidly, various mathematical models have been proposed!!:?], One of the 
famous models for dynamics of population is Lotka-Volterra system with impulses, there have 
been some intensive studies on this subject. Periodic solutions of impulsive Lotka-Volterra 
systems have been investigated by many researchers and various skills and techniques have 
been developed#—®!. In this paper, we consider a impulsive periodic model of mutualism of 
Lotka-Volterra type which involves interactions among a mutualist-competitor u1, a competitor 
ug and a mutualist u3. The system of impulsive differential equations governing ui, U2 and ug 
are given by 

1 = ur(ai(t) — bi (t)ur — cr (é)u2/(1+ o1(t)us)), tA 7, 
Ub = U2(aa(t) — bo(t)ur — co(t)u2), tA 7%, 

3 (as(t) — e3(t)us/(1 + o3(t)us)), t# 7, (0.1) 
ux(Tj') = Onite(Ti), K=1,2,3, 1€ Ny, 
uz(0) = uz(T), &=1,2,3, 


ag 


where t € R, = [0,+00), T > 0 is a constant, N; = {1,2,---}. For k = 1,2,3, i © M4, 
az, Ok, Ck are positive, continuous functions, 6,; are positive constants, 7; are impulse moments 
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with 0 < 7] < T2::-, up(7jt) = limy.7,40 u(t). Suppose that the system is periodic, that is, 


ax, be, Ck are periodic with common period T, and there exists a positive integer q such that 
the Ti4g =TE+T, Sk itg = Sri: 

The first three equations of (0.1) describe the system of a competitor-competitor-mutualist 
model. It is clear that in the absence of u3, the above system is reduced to the standard 
Lotka-Volterra competition model. Equations uz(7j") = driur(Ti) (k = 1,2,3) describe the 
jump conditions which reflect the instantaneous changes of the population densities caused by 
environmental abrupt changes (e.g., seasonal changes, food supplies, harvesting, disasters etc.). 
The periodic conditions are given by ux(0) = uz(T) (k = 1, 2,3). 

The competitor-competitor-mutualist system without impulses has been investigated by 
many researchers(see[7-10]), but the system with impulses has not been studied too much yet. 

The purpose of this paper is to show the existence of periodic solution for system (0.1). 
In Section 1 we give some preliminaries. In Section 2 we show that the existence of periodic 
solution are ensured if the system has a pair of ordered upper and lower solutions. And a pair 
of strictly positive upper and lower solutions are given in Section 3. Finally, concluding remarks 
are given in Section 4. 

According to the real meaning of the model, only the solutions of (0.1) with uz (& = 1, 2,3) 
nonnegative are physically of interest. 


81. Preliminaries 


For system (0.1), we have 


) /(1+ 01(s)us(s))|ds}, t € (ri-1, 7], 
) |ds}, tE (Tas 7) 

u3(t) = u3(Tit 1) exp{ {) [a3(s) — ¢3(s)u3(s)/(1 + o3(s)ui(s))]ds}, t € (74-1, 7i], 
( 


(1.1) 
It is seen from (1.1) that R2. = {(ui,u2,u3)|uz > 0 (k = 1,2,3)} is flow invariant relative to 
system (0.1), that is if (w1(0),u2(0), u3(0)) € R%, then the solution (uj(t), u(t), us(t)) € Re 
for all t > 0. Throughout the paper, we only consider solutions with nonnegative components. 
Denote by S the set of all the vector functions u(t) = (u(t), w2(t), u3(t)) defined in R,, 
with nonnegative components continuously differentiable in R+ \ {Ti }i>o. At t = 7;, u(t) has 
jump discontinuities and is left continuous. 
A function u = (uj, U2, U3) is called a solution of (0.1) if it belongs to S and satisfies all 
the relations in (0.1), u is a T-periodic solution if it is a solution and satisfies u((n — 1)T) = 
u(nT) (n € Ny). 


§2. Monotone Iteration for Periodic Solution 


The main condition for the existence problem of periodic solution are the existence of a 
pair of ordered upper and lower solutions which are defined as follows: 
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Definition 2.1. Two bounded functions 1 = (a1, ti2, tz), 1 = (ti, 2, 3) in S are called 


a pair of upper and lower solutions of (0.1) if 


> (a1 — byt — cytig/(1+o1%3)), tA, 


/ 
1 
Uy > Ue(a2 — bot — cotta), t#T%, 
/ 
3 


3 > ti3(a3 — cgtig/(1+o3t1)), tA 7, (2.1) 
tix (T;') > Onitix(Ti), k= 1,2,38, 16 Ny, 
ty, (0) 2 ui, (T), k= 1, 2,3, 


and 

< ti (a1 — bi ty — cyti2/(1+01%3)), tA Ti, 

(aq — betty — catic), tA, 

< ti3(ag — cgti3/(1+ o3t1)), t #7, (2.2) 
) < beitin(ts), &=1,2,3, 6 M4, 

di, (0) <4 (T), &=1,2,3. 


A pair of upper and lower solutions t, t are said to be ordered if i > U. 
In this section, it is assumed that problem (0.1) has a pair of ordered upper and lower 
solutions 0, U. In this paper, inequalities between two vectors are in the componentwise sense. 


For notational convenience we set 





filt, ui, U2, U3) = ui (a1 by uy, c1u2/(1 + o1U3)), 





fo(t, U1, U2) = U2(ag — bu, — cou), 
fa(t, ui, us) = u3(a3 — cgug/(1 + o3u1)). 
For k = 1,2,3, let Dy, be any fixed nonnegative constants satisfying 


Ofk 


Lp > a t € [0, +00), tip < ug < tig}. 


Using W = a, u© = was the initial iteration we construct two sequences {u'™}, ful™} 


from the linear initial value problem 








+ LyU, va) =I, un » + filt, a” Df YD al” my. t4 ut, 


= beau” = i” ar falt, we are), t # Ti, 





(2.3) 








+ gu” = Leal + falta? ar), tt An, 
rt) = byl” (7), k=1,2,3, 1€ M4, 
al (0) = ue" Der 1), k =1,2,3, m=1,2,---, 
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d um m m— m m m 
= TT LiuS ) = Lius " TT filt, uf YD) as 0 uf MY, t# Tis 

dus” m m— m— m— 
a a Lous ) = Lous " < folt, ul YD uf Dy, t # Thy 

dus” a Wo a pe (2.4) 
7 ae Lgus ) = Lgus " TT fa(t, uf YD uf D), t # Tis 


au (7;*) = duu” (74), k= 1, 2,3, we Ny, 
a Ou YC), b= 1,23, ma1,2,0. 


It is clear from the hypothesis in the Introduction and the last equations in (2.3),(2.4) that 
these sequences are well defined. In the following theorem we show the monotone property of 
these sequences and the existence of periodic solutions. 

Theorem 2.1. The sequences fa) }, {u'™} possess the monotone property 














a =u <ul < WD < Wl) < a™ < DW =a, t€ [0,+00), (2.5) 
where m = 1,2,---. The pointwise limits 
lim ul =u = (u,U9,U3), lim a” = = (%, te, Us), (2.6) 


exist and satisfy the following relation 
a<u<U<u, ¢€ [0,+00). (2.7) 


Moreover, (1, U2, Us), ora t3) are T-periodic solutions of (0.1). 
Proof. Let w) = a — a), by (2.1) and (2.3) the components wl satisfy 


a (1) 
— + Lyw) >0 (t#7), w() (0) > 0, 


(2.8) 
wi (rt) >0 (iE N4). 
It is obvious that wi) > 0 for all t > 0, so we have UW) < W in [0,+00). A similar argument 
using the property of a lower solution gives u“) > u© in (0, +00). 
Let 2 =u — uM, by (2.3) and (2.4), and note that Lyu; + fy(#, u1, uz, ug) is nonde- 


: A + . 1 . . 
creasing in u,,u3 and decreasing in uz, the component zi ) satisfies the relation 


dz) 
ee EC aooy aire 


sede (a (74) — uf (7) > 0, iE Ny 
{) (9) = a (7) — ul (7) > 0, 
(2.9) 


(1) , we get 


thus we have ZW) > 0, t € [0,+00). Using the analogy argument to z,”’ and zs 
2) > 0, zs > 0 (t € [0,+00)). This prove 


1) 


1 <u) <a <9, 





The monotone property (2.5) follows by an induction argument. 
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From the monotone property (2.5), the pointwise limits of the sequences {a}, {ul} 


exist, and from somewhat well-known arguments (see [1,Theorem 15.1]), we can prove that 


lim u™%=u, lim uo” =u, 
m—oco _ m— oo 


uniformly and monotonically in any closed subinterval of [0,+-00) and satisfy relation (2.7). It 
is clear from w”) (0) = w"—-Y (7), ul™ (0) = ul) (T) that W(0) = U(T) and u(0) = u(Z). 

It is easy to prove that (%,U,,%3), (uy, W2,u3) are T-periodic solutions of problem (0.1) 
from the linear iteration process (2.3),(2.4) and the periodicity of system (0.1). This proves the 
theorem. 


§3. Positive Periodic Solution 


From Theorem 2.1, if a pair of ordered upper and lower solutions u, 4 with G > 0 can be 
found, then the existence of positive periodic solutions of (0.1) are ensured. 
In this section, we seek a pair of ordered upper and lower solutions 0 = (ii, ti2,%3), 1 = 


(a1, G2, G3) in the form 
(t1, U2, U3) = (M1, M2, M3), (ti, te, 3) = (6161, 6262, 633), (3.1) 


where, for k = 1,2,3, M;, and 6, are positive constants, 6, are positive functions. To this end, 
we need to choose suitable M;,, dx, x. 


Let (t) t) 
ay, a2 
— eT a = aero 
Peat a oe” (3.2) 


2( 
M3 = Max {a3(t)(1 + My03(t)) /c3(t)} 
te[0,T] 
and for each k = 1, 2,3, x is the solution of the following scalar linear problem 
’, — Grok =Anbe, t#T, 
b(t) = Onede(ts), FE Ny, (3.3) 
bx (0) = ox (T), 
where 


qd 7 
Ap = — Flin] Oni) +f ay(t)dt]. (3.4) 


We can prove the following conclusion. 
Theorem 3.1. Suppose that the following inequalities 


In([[2L, ous) + fo ar(t)dt > TMoci(t), t € [0,7], 
In([][2_, 528) + fo aa(t)dt > TMybo(t), t € [0,7], (3.5) 
In([[Z., 631) + fo a3(t)dt > 0, 





hold. Then system (0.1) has a pair of positive ordered upper and lower solutions 


(ti1, U2, U3) = (M1, M2, M3), (tr, te, tz) = (61061, b2¢2, 533), 
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where for k = 1,2,3, Mz, dp are given by (3.2) and (3.3) respectively with ¢,(0) > 0, and dx 
is chosen sufficiently small. So system (0.1) has at least one positive periodic solution. 

Proof. First it is seen that for each k = 1,2,3, ¢,(t) > 0 for all t > 0 if ¢,(0) > 0. In 
deed, solving (3.3) straightforwardly, we get 


belt) =( TT dealer tle #4” 6,.(0). (3.6) 
O<Ti<t 
It is obvious that ¢,(t) > 0 for all t > 0 if d,(0) > 0, and dy is T-periodic as Xx is given 
by (3.4). From the periodic property of ¢,, 1 > 0 can be fulfilled as 6, is chosen sufficiently 
small. 
By direct computation, the pair of (ti1, tia, ti3) = (M1, M2, M3), (ti, tia, tig) = (0101, 622, 63¢3) 
satisfy all inequalities in (2.1),(2.2) if 


Ai < —b161¢1 — Moca, 
AQ < —Myb2 = C2022, 


A3 < €36303. 


Since 6, (kK = 1,2,3) can be chosen arbitrarily small, the above inequalities are satisfied if 
Ai < —Moc1, 2 < —Mibe, »3 < 0, which are equivalent to condition (3.5). 

This proves (M1, Mz, M3), (6141, 622, 6363) are a pair of positive ordered upper and lower 
solutions. The proof is completed. 


§4. Conclusion 


Note that the existence of T-periodic solution of system (0.1) is ensured if there exist a pair 
of ordered upper and lower solutions U > G. Furthermore, these solutions can be constructed 
from the linear iteration process (2.3),(2.4) by using t and @ as the initial iteration. And 
different pairs of upper and lower solutions probably lead to different periodic solutions. 

It is seen that the sequence of iterations {a}, {u™)} in the iteration process (2.3) and 
(2.4) are governed by the usual linear initial value problems where the initial value is explicitly 
known for each m, numerical values of these sequences can be obtained easily. 

Note also that upper and lower solutions u and t in Definition 2.1 are not required to be 
periodic in T which is useful in application. 
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Abstract The main purpose of this paper is using the properties of the character sums and 
Dirichlet’s L-functions to study the mean value of |B()|‘, and give an interesting asymptotic 
formula for it. 
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§1. Introduction 


For any positive integer number gq > 3, let x denote a Dirichlet character modulo gq. 
L(s,x) denote the Dirichlet L-function corresponding to y, and L’(s,y) denote the derivative 
of L(s,x) with respect to complex variables s. In book [1], there are some formulae about the 
zero-expansion of L’/L. That is, if x be a primitive character mod gq, then we have 


L' 1 1I(4s+2 1 1 
60 Fn bE +B) + (+2): 
p 
p 








L(s, x) 2 a 21($s+ 4a) s—p 





1 1 
2ReB(x) =- >> (Re; = +Res) ; 


Pp 
where 
0, if x(-1) =1; 
1, if y(-1) =-1. 


ReB(x) denote the real part of B(x). In this formula, B(y) can be expressed in terms of 
the expansion of L’/L in power of s, but it seems to be very difficult to estimate B(y) at all 
satisfactorily as a function of g. The difficulty of estimating B(x) is connected with the fact 
that, as far as we know, L(s,\) may have a zero near to s = 0. Here we want to study the 
|B(x)|*. In fact, we use the properties of the character sums 


asymptotic property of P34 moda 


and the Dirichlet’s L-functions to give an interesting asymptotic formula for bas meag ? (x)|*. 
That is, we shall prove the following: 


Theorem. Let integer number q > 3. Then we have the asymptotic formula 


S> Bod!" 


x modq 
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2 
(p? 7) 7 p In? p In* p 
+4 4 
op Se a(D Fe) are 


Pp 


~ (p? +1)(p+ 24 2)In4 In? In? In* 
yy eee ee | (Dea) eo 


Pp 
pilq ye 














pla 
2 


In? p In* p In? p In? p 
4 
+ ed 2) nape tl +O) Lei Leap 


p\q plq p\q 











In? p In? p C#+ce 
2 2 1 2 € 
+2 (C? + C2) a aa aa LOl@), 
P pla 
where € denote any fixed positive number, J(q) denote the number of all primitive character 


re 
mod gq, S- denote the summation over all primes, y denote the summation over all 


p x mod q 
primitive character mod q, and 


- 
cotwti2t() 





2 an 27 
where 7 = 1 or 2; 
si —-7, if 7 = 2; 
a 2 pes, 


From this Theorem we may immediately <a the van 





Corollary. For any integer number q > 3, we have the asymptotic formula 


« In* 
S- |B(x)|* ~ se as g— 0. 


x mod q 
Whether there exists an asymptotic formula for |B(x)| is an open problem. We conjecture 


that for any primitive character x mod q, 


1 
IBOx)| ~ sing 


§2. Some Lemmas 


To complete the proof of the theorem, we need the following lemmas: 
Lemma 1. Let A(n) be the Mangoldt function. Define 


= S>A@A(nid). 


din 


Then we have 








= ae (p? alee me ae 21n? p : Aln‘ p 
Se Ege (Deei) Dee 


n=1 
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Proof. (See reference [4]). 


Lemma 2. Let integer number g > 3. Then we have 





. r?(n) _ (p2 + 1)|n* p In? p . In* p 
PECs) lee 








pp ae le Ee yee: 2 In* p 
PP - 1) ra] (pad 


pe —-—1 
plq p\q 











2 
In4 In? In4 
Ho n ce 4{S> ao oS apo 


are plq lq 


Proof. From the properties of the Mobius function, we can easily deduce 








lig oo d) & r?(nd 
Soe = ee ey ye Sy 








é a ; n=l d|(n,q) n=l d\q dlq n=l 
n,qQ= 
oO 8 
r*(n) 1 “(ne) jul Ppa) r?(npip2) 
ye yy ee) yee) 
n=1 pla n=1 pild pala ees n=. 


From the proving method of Lemma 1, we can get 


2 co 6 2 ie 
s. Et ee | 









































2M y2k 
piq Pp m=1 m=O0k=1 pi ee 
PiFP 
= Ss 1 | (p?+1)In*p yee In* p Aln* p 
22 [pawn 2-1) i-2£ @-nd-w 
- (p? + 1) In*p Aln? p, In* p 4|n* p 
es 
pla 1 plq pla 
_ (p? +1) In‘ p Aln? p In? p 4|n* p 
-_ (p2 — 1)3 re Det ie 1)2’ 
pi4q pla P pla 


Let p; and pz denote two distinct primes, we can obtain 





u(prp2) — (Papan) ptt De r(pr ps") 
> Mee) Se Mle) SS Oe 
pild pala n=1 pila pelam,k=0 P1 


PiFP2 
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ay Ad l + k)?1 
=>» ree a yBpaPS ee 








Pild p2|qm,k=0 pilqm=1 k=0 
P1=p2 
-rva Aln? pe pa yee Ls 20 In* p 
=1)(p2 —1 2(p2 —1)4 2_1/4 
pild p2lq (pi ) pP\q P*(p ) p\q (p ) 
2 
In? p (p? + 1)In* p In* p 
=4 2 2 ; 
p2—1 >> p2(p2 — 1)4 » (p? — 1)4 
pia pila pla 


Combining Lemma 1 and the above formula, we immediately get 





2 
SS r?(n) (p? “a - Dp In? p In* p 
Seo ee 
co ; ; 




















This is the conclusion of Lemma 2. 
Lemma 3. Let g and r be integers with g > 2 and (r,q) = 1, xv be a Dirichlet character 
mod q. Then we have the identities 


* q fe) 
x= TL woo, t= Tao, 
x mod q d\(q,r-1) dlq 
where x mod q denotes the summation over all primitive character modulo q, ju(n) is the 


Mobius function, J(q) denotes the number of all primitive character modulo gq. 

Proof. From the properties of characters we know that for any character y mod q, there 
exits one and only one d|q with a primitive character y% mod d such that x = x4x9, here x} 
denoting the principal character mod q. So we have 


dL xM=d) Dd xtrixal)= DD 
x mod q djq x modd djq x modd 
Combining this formula with the Mobius transformation, and noting the identity 


y ne o(q), if r=1( mod q); 


0, otherwise. 


we have 


YY xM=Le@ VY x= YL wGowd. 


x mod q d\q x mod $ d|(q,r—1) 
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Taking r = 1, we immediately get 
q 
Ja = uae, 
dlq 


This proves Lemma 3. 
Lemma 4. Let integer number g > 3. Then we have the asymptotic formula 


4 
* A(n)x(n 
2 S- ( ix\ ) 
x modq |n<N 


PT ia In? ° In 
= J(q) oe +a . P “) 4 wae 


yo eS ee ye In? p 
p?(p2 — 1)4 pl : =| 














p\q piq - 
2 
iy In* p re In? p >> In* p 
(ee ol (= 1) 
pla pia pila 
+O(q°In* N). 


Proof. Let r(n) be the definition in Lemma 2. For N > q, we define 


r(n,N) = S> A(r)A(s). 


T,S<N 


/ 
It is clear that for alln < N we have r(n, N) = r(n), S- = S- . Then from the orthogonality 
(n,q)=1 
of characters, Lemma 2 and Lemma 3, we may get 
4 
S- : S- A(n)x(n) 
n 
x modq |n<N 
2 


* r(n, N)x(n 
S- S- ( Bee 


x modq |n<N? 


SD ee Eo 


m<N? n<N? x mod q 


= NOM wea 


m<N? n<N? d|(q,mn-—1) 


q / 'r(m, N)r(n, N) 
> HG) ed) > oe ee 


d\q m<N? n<N?2 
m=n modd 


= 1). "0 (10 ae S| 


n>N 


I 


I 
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dq m<N?2 n<N? ue m 
m=n modd 
co! 9 
= r*(n) ~ ‘r(m, N)r(ld +m, N) 
=IOD, n? -0 (Soa ». a 
n=1 dlq m<N2 1<N2/d 
2 
(p? +1) In* p In? Dp In* p 
= i 4 
4a) = (Pps * = aoe yy (aly 
> (p* + 1)(p* —p? 4 2) In* p ee In? p 
p2(p2 — 1)4 p—1 p—1 
pi4q pia P 
2 
450 In* p gd In? p 257 In* p 
(pe = 1)? pl (pede 
P\g P\q piq 
+O(q°In* N). 


This completes the proof of Lemma 4. 
Lemma 5. Let integer number g > 3. Then we have 


* A(n)x(n nw n 9 
3 S- ( Ix( JP wa) (Ez vs =) +0 (q°In* N); (1) 


x modq |n<N piq 
x(-1)=1 

















2 
* A(n)x(n)} _ F(a) In’ p In? p x 
De a n = 9 Loge ei ee Ny (2) 
x modq |n<N p p\q 

x(-1)=-1 


Proof. From the orthogonality of characters and Lemma 3, we may get the estimates 


wea) oy AA) 


n 
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+ aho@ Y' yy AAG) 


mr 
d\q m<N n<N 
mn+1=0 modd 


J(q) SS A2(n) F(q) a M2(n) 
7s De a o( 2 oS 2 


nr 
n=1 n>N 








+0] Da@ Do’ yy’ Awa 








nr 
d\q m<N n<N 
m=n mod d 
mén 
_ J(q) In? p ! ‘A(m) A(ld +m) 
Sg da Ds, gino | Dae ean 
Pp m=l1 dq m<N I<N/d 
n=p™ 
(n,q)=1 
J(q) In? p In? p 61.2 
Sa (oa rs + O(g°ln* N). 
P\q 


Using the same method, we can easily deduce (2.2) of Lemma 5. 
This completes the proof of Lemma 5. 


Lemma 6. Let integer number g > 3. Then we have 


2 


: A(n)x(n) A(n)x()} __  I@ In*p In" p 
by Dae oe — ~ 2 (opp Ee] 





x modq n<N n<N 
x(-1)=1 





: A(n)x(n) A(x} _ J) In* p In* p 
Efe see) eee. 2 (eta re 
x modq n< n< Pp pila 
x(-)=-1 
+0 (qn? NN). (2.4) 





1 5 'A(m,)A(m2)A(n) y * oimntne) (1+ y(-1)) 





m1,m2,n<N an x mod q 
x(-1)=1 
1 q /M(m1)A(m2)A(n) 
ae 1) od 
sae ae 
lq m1,m2,n<N 


min=m2( mod d) 
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myzmgn 
d\q m1,m2,n<N 


mynm2+1=0( mod d) 























J(q) "A(mi)A(n)A(man) | /M(m1)A(m2)A(n) 
~ 9 men 0) 794) Ss MyMgn 
m1,n<N 1 d\q m1,m2,n<N ne 
m1n=m2( mod d) 
minkéme 
J(q) ‘A(m)A(n)A(m,n) 'A(my,)A(me2)A(n) 
> 9 a mn? 0} > 6) » mymMaen 
m1,n<N 1 d\q m1,m2,n<N 
mi=p* m1n=m2( mod d) 
n=pF min>me2 
/M(my)A(m2)A(n) 
40/569 DO ae 
d\q m1,m2,n<N 
m yn=m2( mod d) 
min<mMe 
— J(q) In? p aoa 
aa pap) paras +O(q In N) 
a=1 B=1 
(p+? ,q)=1 
J(q) In’ p In® p 3 
= +O(q*ln?N). 
y |X qraap Lane] tO) 


Using the same method, we can easily deduce (2.4) of Lemma 6. This completes the proof of 
Lemma 6. 


§3. Proof of the theorem 


In this section, we will complete the proof of Theorem. Firstly, according to the definition 
of B(x), we have 


Hx) __ 1g _ 10" 


L(x) 2 aw 2T{ 


2ReB(x aa” (Re: 





NIP hole 


ae +E (5 +3); 


5) 





where 
0, if x(-1) =1; 
1, if y(-1) =-1. 


From the functional equation of the Dirichlet’s L-functions we know that if p is a zero of L(s, x), 





1 1 
then 1 — f is also a zero of L(s,x), so we can easy deduce that y (Re; = +Res) a 
—/p p 
p 
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1 


= 


>| 


p 


where 


Secondly, 


1 
-) is a real number, combining the above two formulae, we have 
p 


|B(x)| 























Ci 

















4 
+ 2C; S- 


x modq 
x(-1)=1 


4202 S- 


x modq 


«| D/ 
S- =e 


L 
x mod q 
x(-1)=1 


4c 


x mod q 


x(-1)=1 


(1) 














2G, x) 


‘(Fan) 


oa 
x(-1)=1 
3 L' . 
+203 §— ys i 


* Te 
=(1 —(1,x% CT 
x mod q x mod q 


x(-1)=1 x(-1)=1 


4 Ps 2 
+ ye +202 $7 F(x) ( 
x mod q 

(1.»)) 








L' 


Pa as 
x) iP 














(lx) + 0.9) 


x modq 
x(-1)=-1 


x(-1))=-1 
7 * 
+403 > +203 >- 
x mod q 


x modq 
x(-1)=-1 


x(-1)=-1 

* L' * 
net YD *(Za0+Zavo)+ct Dr es) 
x mod q x 


x(-1)=-1 x(— 


L' 


Faw) (Z 


: i 





WG 
mod q 
1)=-1 


for Re(s) > 1, L’'(s,x)/L(s,x) is absolutely convergent. Thus from Abel’s sum- 
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mation formula, we may get 


L'(s,x) _ SAX) _ yr AMX) |, [* Ax) 
iGa = ee + i: dy, (2.6) 


1l+s 
nN y 








where N is any positive number, when y 4 y°. For any character x to the modulus q, we define 
W(z,x) = Ven X(n)A(n). From book [1], we have two useful formulae. One is, for any real 
non-principle character y mod gq, and if L(s, x) has an exceptional zero, then we have 


/ 


L 
7 bx) <K Ci(ejg’ Ing; (2.7) 


The other is, for any complex primitive character x mod gq, if g < exp(CVInz), we have 
w(x,x) < wexp (-c: vin x) (2.8) 


Based on the formula (2.6) and (2.8), for any complex primitive character .~ mod q, we have 











4 

Litt fs Alm) x(n) Alyx) 
Fan = = a rf yp? dy 

_ A(n)x(n) InN 

7 Xu no °( eam) 

4 
= A(n) x(n) In’ N 
- x nm a (See) 





Taking N > exp (C'ln? q) and combining formula (2.7), we immediately obtain 
& 


4 











Pe Fx) 

4 
= : A(n)x(n) J(q) In’ N 4 4c 14 
a = 2», n 10 (ee) pea Eee 


x modq |n<N 
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24 1) la In? : In 
= | ea (Oe) arg 














> « 
~ (p? +1)(p* — p? +2 In* p Aln? p In? p 
2 > 2 
p2(p2 — 1)4 p—l p—1 
pla pla P 
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In* p In? p In* p 
4 + 4 2 
+4) Gop pa rey yea 


lq lq plq 


J(q)\n" N : 
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And then, using the same method, we also get 


2 

se 
x modq 
x(-1)=+1 


iL 











_ 1 x A(n)x(n) J(q) In? N 2 21,2 
=S S- Dena o( a) +0 (Ca In q) 


x modq |n<N 








x(-1)=+1 
J(q) In? p In? p ( J(q) ln? N ) 
= — + O | ——=—— ]+O(¢‘). 2.10 
2 rs de 1 exp(C2V1n NV) 2") ay) 





In? 
Finally, taking N = exp ( 2) and according to the formula (2.5), (2.9) and (2.10), we 
2 


can give an asymptotic formula for the > |B(x)|*. That is, 





x mod q 
>> [Bool 
x modq 
2 
(p? +.1)In* p In? p In* p 
= J(q > H+ 4 4 
@) ye ay 7 eal ey 











ye ae ri In? p In? p hy In* p 
p?(p? — 1)4 pea peal (pad)? 
P\a pig Pp piq 

2 


In? p In* Dp In? p In? p 
+4 7 25° ape t 2(Ci + C2) S- =e > a 
aa? oy PY p ely? oe 1) 








In? p In? p ci+cC3 - 
eo1 rs os +-Og"):, 
pla 


+2 (Ci + C2) 





This completes the proof of Theorem. 
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81. Introduction and result 


For any positive integer n, the famous F.Smarandache function S(n) is defined as the 
smallest positive integer m such that n | m!. That is, S(n) = minf{fm: n|m!, n € N}. For 
example, the first few values of S(n) are S(1) = 1, $(2) = 2, $(3) = 3, S(4) = 4, S(5) = 5, 
S(6) = 3, S(7) = 7, S(8) = 4, S(9) = 6, (10) = 5, ---. About the elementary properties of 
S(n), some authors had studied it, and obtained some interesting results, see reference [2], [3] 
and [4]. For example, Farris Mark and Mitchell Patrick [2] studied the elementary properties 
of S(n), and gave an estimates for the upper and lower bound of S(p*). That is, they showed 
that 


(p—1)a+1< S(p*) < (p—1)[a+ 1+ log, a] + 1. 


Murthy [3] proved that if n be a prime, then SZ(n) = S(n), where SL(n) defined as 


the smallest positive integer k such that n | [1, 2, ---, kJ], and [1, 2, ---, k] denotes the 
least common multiple of 1, 2, ---, &. Simultaneously, Murthy [3] also proposed the following 
problem: 

SL(n) = S(n), S(n) #n? (1) 


Le Maohua [4] completely solved this problem, and proved the following conclusion: 
Every positive integer n satisfying (1) can be expressed as 


n=12 or n=pf'ps?--- perp, 


where pj, P2,°*:, Pr, p are distinct primes, and aj, a2, ---, a, are positive integers satisfying 


p>ps,i=1,2,---,r. 
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Dr. Xu Zhefeng [5] studied the value distribution problem of S(n), and proved the following 
conclusion: 

Let P(n) denotes the largest prime factor of n, then for any real number x > 1, we have 
the asymptotic formula 





3) 3 e 
2 (S(n) — P(ny)? = 26 G) ro( i} 


a 3lnz In? xr 


where ¢(s) denotes the Riemann zeta-function. 
On the other hand, Lu Yaming [6] studied the solutions of an equation involving the 
F.Smarandache function S(n), and proved that for any positive integer k > 2, the equation 


S(my + m2 + +--+ mp) = S(m1) + S(me2) +--+ + S(mz) 


has infinite groups positive integer solutions (m ,,mz2,-+-- , mx). 
Jozsef Sandor [7] proved for any positive integer / > 2, there exist infinite groups positive 


integer solutions (m1, m2, ++: , Mx) satisfied the following inequality: 
S(m, + m2 +-+-+ mr) > S(m 1) + S(m2) +--+ + S(mx). 

Also, there exist infinite groups of positive integer solutions (m1, me2,--: ,mx) such that 
S(my + me +--+ mg) < S(m1) + S(me2) +--+ + S(me). 


The main purpose of this paper is using the elementary and analytic methods to study the 
mean value properties of [S(n) — $(S(n))]’, and give an interesting mean value formula for it. 
That is, we shall prove the following conclusion: 

Theorem. Let k be any fixed positive integer. Then for any real number x > 2, we have 
the asymptotic formula 





n<u 


where ¢(s) is the Riemann zeta-function, c; (i = 1, 2,---, k) are computable constants and 


cq =. 


§2. Proof of the Theorem 


In this section, we shall prove our theorem directly. In fact for any positive integer n > 1, 
let n = pf ps? ---p%* be the factorization of n into prime powers, then from [3] we know that 


S(n) = max{S(pt"), S(p37), «++, S(ps*)} = S(p*). (2) 
Now we consider the summation 


do [S(m) -— S(8(m@))? = YF [S(n) — S(S(m))P + SF [S(r) — S(S(n))P, (3) 


n<a neA neB 
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where A and B denote the subsets of all positive integer in the interval [1, xz]. A denotes the 


set involving all integers n € [1, z] such that S(n) 


= S(p”) for some prime p; B denotes the 


set involving all integers n € [1, x] such that S(n) = S(p*) with a= 1 ora>3. Ifne A, 
then n = p?m with P(m) < 2p, where P(m) denotes the largest prime factor of m. So from 
the definition of S(n) we have S(n) = S(mp*) = S(p?) = 2p and S(S(n)) = S(2p) = pif p > 2. 


From (2) and the definition of A we have 


neA 
= >  [s() -s(s(p?))]’ + 
n<ux 
p?||n, /n<p? p? 
= SS [s)-s(s@)]?+ 
p?n<a 
n<p?, (p, n)=1 
- yw Y 
p2n<a p2n<a 
n<p?, (p, n)=1 n>p?, (p, n)=1 


dy 2S 


mset p<(z)} 


2. 
™m 


= Y vro 


n<VJen<p?<= 


dy LP Te 
where p?||n denotes p?|n and p° { n. 


“v4 


5 
=). 


x 





nSVz ps,/z 


n<ux 


ln, p?<vn 


» 


pen<s 
p?<n, (p, n)=1 


p+ O(1) 


p +O 


By the Abel’s summation formula (See Theorem 4.2 of [8]) and the Prime Theorem (See 


Theorem 3.2 of [9]): 








aj: x x 
T(x) = —+0O : 
(2) 2 In’ x (sar) 
where a; (t= 1, 2,--- ,&) are computable constants and a; = 1. 
We have 
x [ fe\_ pv 
YP = n(J2)-f 2y - (y)dy 
= n n 3 
PS/Z ; 
— . . ai O 5 5 
3 ont y In’ /= 7 (5 In¥tl ©) 


where we have used the estimate n < /z, and all b; are computable constants and b; = 1. 


a 
n 


= a 3 Sn 
Note that == ~ }, and 
degra) 08 





2 


is convergent for all i= 1, 2, 3,---, k. So from 
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(4) and (5) we have 











neA 
1 23 b; ee vt 
= ee es 


1 
k 


k 
2 3 3 6; x2 
= =-C(-)-a?- —+0O i 6 
3 ¢ (5) Ls, (=| e) 





where c; (t= 1,2, 3,--- ,&) are computable constants and c; = 1. 


Now we estimate the summation in set B. For any positive integer n € B, if S(n) = S(p) = 
p, then [S(n) — S(S(n))}° = [S(p) — S(S(p))]? = 0; If S(n) = S(p%) with a > 3, then 


[S(n) — S(S(n))]? = [S(p*) — S(S(p*))]? < 0? p? 


and a < lnz. So that we have 


S> [5(n) - S(S(n))? «K SO oe? -p «a-n’s. (7) 
ne€B np? <x 
a>3 


Combining (3), (6) and (7) we may immediately deduce the asymptotic formula 


2 3 é Cc x2 

3 i 
=. — |-~g2. 5 : LO . 
3 (3) si In’ x (<r | 


i=l 


d_ [S(m) — S(S(m))]° 


n<ax 





where c; (i = 1,2, 3,--- ,&) are computable constants and c; = 1. 


This completes the proof of Theorem. 
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81. Introduction and result 


For any positive integer n, the famous F.Smarandache function S(n) defined as the smallest 
positive integer m such that n | m!. That is, S(n) = min{m: n|m!, n © N}. For example, 
the first few values of S(n) are S(1) = 1, S(2) = 2, S(3) = 3, S(4) = 4, S(5) = 5, S(6) = 3, 


S(7) = 7, S(8) = 4, S(9) = 6, S(10) = 5, S(11) = 11, $(12) =4, ------ . The F.Smarandache 
LCM function SL(n) defined as the smallest positive integer k such that n | [1, 2, ---, &], 
where [1, 2, --- , &] denotes the least common multiple of 1, 2, ---, k. The first few values of 


SL(n) are SL(1) = 1, SL(2) = 2, SL(3) = 3, SL(4) = 4, SL(5) = 5, SL(6) = 3, SL(7) = 7, 
SL(8) = 8, SL(9) =9, SL(10) =5, SL(11) = 11, SL(12) =4, «--++ 

About the elementary properties of S'(n) and SL(n), many authors had studied them, and 
obtained some interesting results, see reference [2], [3], [4] and [5]. For example, Murthy [2] 
proved that if n be a prime, then SL(n) = S(n). Simultaneously, Murthy [2] also proposed the 
following problem: 


SL(n) = S(n), S(n) An? (1) 


Le Maochua [3] completely solved this problem, and proved the following conclusion: 
Every positive integer n satisfying (1) can be expressed as 


n=12 or n=pf'ps?--- perp, 


where pj, P2, °*:, Pr, p are distinct primes, and aj, Q2, ---, @, are positive integers satisfying 
p> ps, i=1, 2, veer. 
Dr. Xu Zhefeng [4] studied the value distribution problem of S(n), and proved the following 


conclusion: 
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Let P(n) denotes the largest prime factor of n, then for any real number x > 1, we have 
the asymptotic formula 


3lnz In? x 


7 2 ve 
2 (Sm) — P(n))’ = 2¢ (2) 8* +0 (= 


n<ax 


where ¢(s) denotes the Riemann zeta-function. 
Lv Zhongtian [5] proved that for any fixed positive integer k any real number x > 1, we 
have the asymptotic formula fixed positive integer k 


| Cj 2? x? 
SL = . - +O ; 
» (n) 12 In x 2, Int x (<a - | 





where c; (¢ = 2, 3,--- ,&) are computable constants. 

The main purpose of this paper is using the elementary methods to study the mean value 
properties of [SL(n) — S(n)]’, and give an interesting mean value formula for it. That is, we 
shall prove the following conclusion: 

Theorem. Let k be a fixed positive integer. Then for any real number x > 2, we have 
the asymptotic formula 


2 2 3 3 Li Ci x2 
Y lsum) — se? =5-6(5)-#8-Dis +0( tr]. 


= In’ a 





where ¢(s) be the Riemann zeta-function, c; (i = 1, 2,--: , &) are computable constants. 


§2. Proof of the theorem 


In this section, we shall complete the proof of our theorem directly. In fact for any positive 
integer n > 1, let n = p{'p5? --- ps be the factorization of n into prime powers, then from [2] 
we know that 


S(n) = max{S(pi"), S(pp?), +++, S(ps*)} = S(p*) (2) 
and 
SL(n) = max{py', po?, ++, ps*}- (3) 
Now we consider the summation 


do [SE(n) — S(n)]? = SF [SL(m) — Sn)? + $9 [SL(n) — S(m))’, (4) 


n<a neA nEB 


where A and B denote two subsets of all positive integer in the interval [1, 2]. A denotes the 
set involving all integers n € [1, x] such that SL(n) = p? for some prime p; B denotes the set 
involving all integers n € [1, x] such that SL(n) = p® for some prime p with a= 1 or a > 3. If 
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né€Aand n= pips? -- 


that S(p? 





- pe, then n = p*m with pt m, and all p?* < p?,i=1, 2, ---s. Note 
*) < ap; and a; < Inn, from the definition of SZ(n) and S(n) we have 
2 
S> [SL(n)— S(n)]? = S> [p? — S(mp?)] 
nEA mp? <x 
SL(m) <p? 
= So (p* = 2p?S(mp*) + $?(mp?)) 
mp2 <x 
SL(m)<p? 
= So p+Ol So p?-p-ma]+O] S° p?- m2 
mp? <a mp? <a mp? <a 
SL(m)<p? 
= YS #40)| 3k 3 a O («?) 
meyvE m<pes % peSve p?<ms 5 
- 5 Evol S Ee) soe 
mSVB p< f= meVJB p?<m 
= 5 S peo), (5) 
MEVE p<./=Z 


By the Abel’s summation formula (See Theorem 4.2 of [6]) and the Prime Theorem (See The- 


orem 3.2 of [7]): 


where a; (t= 1, 2,--- 


We have 


dP 


rife 





3) 


,&) are computable constants and a; = 1. 


k 
a,x x 
L)i= —+0O 
) De ln’ x (aa 


y)dy 





amps 


In’ y 
b; x? 
Inktle ’ 


t /& 
y a m 





wie NIC 


ma 


x 
m 
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where we have used the estimate m < /z, and all 6; are computable constants with 6; = 1. 


Note that 3 


is convergent for all 2 = 1, 2, 3, ---, k. So 


and es =a 


m=1 








1 5 
a = 6(5) 
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from (5) and (6) we have 


do [SL(m) — S(n)]? 











neA 
12 < b; x2 
= i —— +O O (a? 
» E m3 = ln? Jz (= . In*t1 | ae (a ) 
k 





2 5) 5 Cy x3 
= —_. —)-@72.- : LO ; 7 
5 (3) 7 ae (| m 


=1 


° 


where c; (t= 1, 2, 3,--- ,&) are computable constants and c; = 1. 

Now we estimate the summation in set B. For any positive integer n € B. If n € B and 
SL(n) = p, then we also have S(n) = p. So [SL(n) — S(n)]? = [p—p]’ = 0. If SL(n) = p% 
with a > 3, then [SL(n) — S(n)|’ = [p* — S(n)]? < p?@ + a2p? and a < Inn. So we have 


> [SL(n) — S(n)]? <> (p+ p?n?n) Ka? (8) 
neB np? <x“ 
a>3 


Combining (4), (7) and (8) we may immediately deduce the asymptotic formula 


2 2 5 5 é Ci x2 
¥ [st(n) ~ sem? =F -¢(F) 28 +0( tr]. 


9 i 
na i=1 In’ 





where c; (t= 1, 2, 3,--- ,&) are computable constants and c, = 1. 
This completes the proof of Theorem. 
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